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I. Introduction 



In this paper we study the contributions of generalized particle-hole ladders to the 
four-point Green's function of a many fermion system. Formally, the amputated four- 
point Green's function, G4 : ((p 1 ,a 1 ),( P2 ,a 2 ),( P;i ,a 3 ),(p4,a 4 )) with incoming particles of momenta 
Pi,P4 G IR x IR d and spins <Ti, 04 G {|, 1} and outgoing particles of momenta p2,Ps and spins 
02, 03, can be written as a sum of values of Feynman diagrams with four external legs. The 
propagator of these diagrams is C{k) = tfc(| _ 1 e( - k - ) , where k = (ko, k) G IR x JR d and the dis- 
persion relation e(k) (into which the chemical potential has been absorbed) characterizes the 
independent fermion approximation. The interaction of the model determines the diagram 
vertices, V((k 1 ,a 1 ),(k2,a2),(k 3 ,a 3 ),(k 4 ,a 4 )), k\ + k^ = ki + ks- Here, the incoming momenta are 
fei, k± and the outgoing momenta are ki.kj,. 

1-*- -»--3 

Ladders in Momentum Space 

The most important contributions to this four-point function are ladders. The 
contribution of the particle-hole ladder with £ + 1 rungs 




is 



J (27^+1 ' ' ' (2 7 r) d '+ 1 ^((Pl' cr i)>(P2,cr 2 ),(pi+A:i,Ti i i),(p2+A:i,ri i2 ))C(pi+A:i)C(p2+A:i) 

i=l,---,t V {(pi+ki,T lil ),(p2+k 1 ,T 1> 2),---) ■ ■ ■ V \---,(pi+kt,Tt tl ),(p2+kt,Tt t 2)j 

P2+k£)V((p 1 +k e ,T eA ),(p2+k e ,T ei 2),(P3,0-3),(p4,0-4)) 

The contribution of the particle-particle ladder with £ + 1 rungs 
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IS 



^] y (27r)d+l ' ' ' (Itt)^ 1 ^((Pl' cr l)'(Pl+ fc l' T l,i)'(P4-fci,ri i2 ),(P4,o-4))C'(pi+fci)C'(p4-fcl) 

T i,i. T i.2e{T,l} - rl , , 

i=l, V 7 ^(pi+fel,Tl,l),---,(p 4 -fel,Tl,2)J • • • V {■■■,(pi+ki,T eA ),(p4-kt,Tt }2 ),---) 

C{p 1 +k e )C{p4,-k t ,)V{(p 1 +k i ,Tt A ),(p 2 ,(T2),(p3^3),{p4,-kt,Tt a )) 

Ladders with two rungs are called bubbles. The values of the bubbles with dispersion relation 

I ji 2 

e ( k ) = ^ ~ A* and interaction y((p 1 ,<T 1 ),(p 2 ,<T 2 ),(p3,o- 3 ),(p 4 ,<T4)) = A^,^^,^ - S ai ^ 3 S a2jajl ) 
are well-known for d = 2, 3 [FHN]. The particle-particle bubble has a logarithmic singularity 
[FKST, Proposition II. lb] at transfer momentum p\ + p 4 = which is responsible for the 
formation of Cooper pairs and the onset of superconductivity. This singularity persists in 
models having dispersion relations that are symmetric about the origin, i.e. e(k) = e(— k). 
On the other hand, if e(k) is strongly asymmetric in the sense of Definition 1. 10 of [FKTfl] 
then the particle-particle bubble remains continuous and, in particular, bounded [FKLT1, 
page 297]. 

I kl 2 

For the particle-hole bubble with d = 2 and e(k) = — n 



d A k 



, (2tt)3 i(fc +to/2)-e(k+t/2) i(fc -*o/2)-e(k-t/2) 
IR 3 

+ 2^ Rev/|t| 2 (|t| 2 -4fcf.)-4m 2 tg-4imt,,|t| 2 if £ ,|t| ^ or |t| > 2k F 
-f: if t = and < |t| < 2k F 

if t ^ and t = 



where t = pi — p 2 is the transfer momentum, kp = \J2m[i is the radius of the Fermi 
surface and is the square root with nonnegative real part and cut along the negative 
real axis. See, for example, [FHN (2.22) or FKST, Proposition II. la]. This is C°° on 
{ t G 1R x H 2 | to 7^ or |t| > 2/cf }, is Holder continuous of degree 1 in a neigh- 
bourhood of any t with to = 0, < |t| < 2kp and is Holder continuous of degree | in a 
neighbourhood of any t with to = 0, |t| = 2kp, but cannot be continuously extended to 
t = 0. However its restriction to to = does have a C°° extension at the point t = 0. The 
discontinuity at t = persists for general, even strongly asymmetric, e(k). For this reason, 
bounds on particle-hole ladders in position space are not straight forward. 

That the restriction of the particle-hole bubble to to = does have a C°° extension 
for a large class of smooth dispersion relations may be seen by the following argument, which 
was shown to us by Manfred Salmhofer [S]. A generalization of this argument is used in 
Proposition III. 27. 

Lemma LI Choose a "scale parameter" M > 1 and a function v E Co°([tj> 2M]) that 
takes values in [0,1], is identically 1 on [j^,M~\ is monotone on [jj,jf] and [M,2M] and 
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obeys 

oo 

J2"{M 2j x) = l (1.1) 

i=o 

for < x < 1. Set (^o) = X^=o v(M 2e ko) and let u(k,t) be a bounded C°° function 
with compact support in k and bounded derivatives. Let e(k) be a C°° function that obeys 
lim e(k) = +oo. Assume that the gradient of e(k) does not vanish on the Fermi surface 

|k|^oo 

F = { k G R d | e(k) = }. Then 



[ifc -e(k)][ifc -e(k + t)] 



is C°° /or t in a neighbourhood of 0. 



Proof: Write 



l l )-j m [*-e(k)][ft r e(k+t)] - y aft e (k)_ e ( k+t ) 

~ J Ufv e(k)-e(k+t) y ds ifc -S(k,t,s) ~~ y J [ik -E(k,t, 



ifco — e(k) ifco - e(k+t) 



( fc,t) 

</ </ U </ J u 

where 

£(k, t, s) = se(k) + (1 - s)e(k + 1) 

Make, for each fixed s and fco, the change of variables from k to E and d — 1 variables # on 
F. Denote by J(-E, t, 6>, s) the Jacobian of this change of variables and set 

/(/co, E, 0, t, s ) = u((ko, k{E, 9, t, s)),t)J(E, 9, t, s) 
Because u has compact support in k, / vanishes unless \E\ < £, for some finite £. Thus 
B,(t) = f Q dsjd0j dkofjE ^'(M/^AM) 



Set 



Since 



B'^t) = J ds j d9 j ' dk J dE -' 



[ °' j] (k )f(k ,0,0,t,s) 



[ik -E]< 



aar ^ - jl (fco)/(fc ,E,e,t,s) 4°- J1 (fco)/(fco,0,g,t, B ) i 
°t L [iko-E^ [ik -E\* J 

£}, lim Sj-(t)-S;.(t) 
convergence theorem. So it suffices to consider 



<const a ^|L 



is integrable on IR x [— £ , £], lim -Bj(t) — S'-(t) exists and is C°° by the Lebesgue dominated 



■;.(t) = -2£^ ds J de J dk Q ^ — 



J (A;o)/(fco,0,e,t, S ) 



Since 



,[0,3] 



o Q i/ c y - j (fc )/(fco,Q,e,t,s) 



< const Q ^2 



is integrable on IR, lira B'At) exists aad is C°° by the Lebesgue dominated convergence 



theorem. 



Scales and Sectors 

In this paper, we derive position space bounds for generalized particle-hole ladders 
in two space dimensions as they arise in a multiscale analysis. The main result is Theorem 
1.20, which is used in [FKTf2], under the name Theorem D.2, to help construct a Fermi liquid. 
We assume that the dispersion relation e(k) is C re+3 for some r e > 6, that its gradient does 
not vanish on the Fermi curve F = { k e IR 2 | e(k) = } and that the Fermi curve 
is nonempty, connected, compact and strictly convex (meaning that its curvature does not 
vanish anywhere) . We also fix the number ro > 6 of derivatives in ko that we wish to control. 

We introduce scales as in [FKTfl, Definition 1.2] and [FKTo2, §VIII]: 



Definition 1.2 

i) For j > 1, the j th scale function on IR x IR 2 is defined as 

u^\k) = z/(M 2j (A; 2 +e(k) 2 )) 

where v is the function of (I.l). It may be constructed by choosing a function (p e ((—2, 2)) 
that is identically one on [—1,1] and setting v(x) = (p(x/M) — ip(Mx) for x > and zero 
otherwise. By construction, i/tt) is identically one on 

{ k = (k ,k) GMxIR 2 | < \ik -e(k)\<VM^j } 

The support of i/k') is called the j th shell. By construction, it is contained in 

{ k E IR x IR 2 | £j < \ik - e(k)| < V2M^j } 

The momentum k is said to be of scale j if k lies in the j th shell. 

ii) For j > 1, set 

i/(- j \k) = E v {i) {k) 

i>j 

for \ik - e(k)| > and v^\k) = 1 for \ik - e(k)| = 0. Equivalently, v^\k) = 
ip{M 2j ~ l {kl + e (k) 2 ))- By construction, is identically 1 on 

{ k e IR x IR 2 | |z/c - e(k)| < Vm^j } 
4 



The support of is called the j th neighbourhood of the Fermi surface. By construction, 
it is contained in 

{ k G 1R x IR 2 | \ik - e(k)| < V2M^j } 

The support of </?(M 2: ' _2 (/co+e(k) 2 )) is called the j th extended neighbourhood. It is contained 
in 

{ k G IR x M d | \ik - e(k)| < VlM^ } 

To estimate functions in position space and still make use of conservation of mo- 
mentum, we use sectorization. See [FKTfl, Example A.l]. The following definition is also 
made in [FKTf2, §VI] and [FKTo3, §XII]. 

Definition 1.3 (Sectors and sectorizations) 

i) Let / be an interval on the Fermi surface F and j '< > 1. Then 

s = { k in the j th neighbourhood | np(k) G / } 

is called a sector of length |/| at scale j. Here k i— > np(k) is a projection on the Fermi surface. 
Two different sectors s and s' are called neighbours if s' fl s ^ 0. 

ii) A sectorization of length { at scale j is a set E of sectors of length I at scale j that obeys 

- the set E of sectors covers the Fermi surface 

- each sector in E has precisely two neighbours in E, one to its left and one to its 
right 

- if s, s'gE are neighbours then ^1 < \s fl s' fl F| < |l 
Observe that there are at most 21ength(F)/[ sectors in E. 

In the renormalization group map of [FKTfl] and [FKTo3] , we integrate over fields 
whose arguments (x, a, s) lie in £>I x E, where £>I = (IR x IR 2 ) x {|, J,} is the set of all 
"(positions, spins)". On the other hand, we are interested in the dependence of the two and 
four-point functions on external momenta. To distinguish between the set of all positions 
and the set of all momenta, we denote by IM = IR x IR 2 , the set of all possible momenta. 
The set of all possible positions shall still be denoted IR x IR 2 . Thus the external variables 
(k,a) lie in & = M x {!,!}• In total, legs of four-legged kernels may lie in the disjoint 
union 2)| = & U(£l x E) for some sectorization E. The four-legged kernels over 2Je 
that we consider here arise in [FKTf2, §VII] as particle-hole reductions (as in Definition 
VII.4 of [FKTf2]) of four-legged kernels on X s = B U (B x E) where B = & x {0, 1} and 
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B — B^ x {0, 1} and {0, 1} is the set of creation/annihilation indices. Particle-hole reduction 
sets the creation/annihilation index to zero for legs number one and four and to one for legs 
number two and three. To simplify the notation in this paper, we shall eliminate the spin 
variables so that the legs lie in 

2) E = Mu((lRx IR 2 ) x S) 

Sometimes a four-legged kernel will have different sectorizations £, £' on its two left hand 
legs and on its two right hand legs. Therefore, we introduce the space 

Since 2)^ is the disjoint union of M and (IR x IR 2 ) x £, the space is the 

disjoint union 

2>£i< = U ^ X X ^3,£' x 2)i4,E' (1-2) 

il,*2,*3,*4€{0,l} 

where 2) ,e = M and 2Ji, s = (IR x IR 2 ) x E. If / is a function on 2J^ s ,, we denote by 
/| (ilj ... ji4 ) its restriction to 2) il)S x 2J; 2;S x 2J i3) s' x 2J i4) s' under the identification (1.2). 

Definition 1.4 (Translation invariance) Let E and £' be sectorizations. 

i) Let y E 2J S and t E IR x IR 2 . We set 

f/c if y = k E~M 

TtV = \ (x + t, s) if y = (x, s) E (H x IR 2 ) x E 

ii) Let h, • • • , 14 E {0, 1}. A function / on 2)^,1] x 2)i 2 ,s x 2)i 3 ,£' x 2Ji 4 ,£' is called translation 
invariant, if for allt E IR x IR 2 

/(T tyi ,...,T t y 4 )=( II e l( - 1)bM< ^ t> -)/(yi,---,2, 4 ) 



K/i<4 
L=0 



where 

and < fc, x >-= —koxo + kixi + k 2 x 2 . This choice of 6 M reflects our image of / as a particle- 
hole kernel, with first and fourth, resp. second and third, arguments being creation, resp. 
annihilation, arguments. 

iii) A function / on 2)^ E , is translation invariant if /|^ . ^ is translation invariant for all 
h,---,i 4 e {0,1}. 

T 4 

A function / on (2)^) is translation invariant if /(( • ,0-1), ( • ,<r 2 ),( • ,<t 3 ),( • ,<r 4 )) is translation 
invariant for all ui, • • • , 04 e {t, I}- 
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Definition 1.5 (Fourier transform) Let E, E' be sectorizations. Set 2)2, e = M x E. 

i) Let ii,---,i4 G {0,1,2} and 1 < \x < 4 such that i^ = 1. The Fourier transform of a 
function / on 2)j 1)E x 2)i 2)E x 2)j 3)E ' x 2)j 4)E ' with respect to the fx th variable is the function 
on 2> i>s x 2J^ E x 2)^ >E , x 2J^, E , with 



2 if v = 



defined by 

(&Lif)(yi,---,yv,-i,(k,s),y ti+1 ,---,y 4 ) = J e 1 ^ 1 ' ) M<fc ' X> "/(yi,---,y M _i,(x,s),y M+ i,---,y 4 ) ePx 



ii) Let ii, • • • , 14 E {0, 1} with i M = 1 for at least one 1 < < 4. The total Fourier transform 
/ of a translation invariant function / on 2)j 1)E x 2) i2jE x 2) i3)E / x 2}j 4]E / is defined by 

/(2/1, 2/2, 2/3, 2/4) (2tt) 3 5(A; 1 - fc 2 - fc 3 + k 4 ) = [ U $ M /) (2/1, 2/2, 2/3, 2/4) 

^ 1<M<4 / 

where y M = fc M when i M = and y M = s M ) when i M = 1. / is defined on the set of all 
(2/1,2/2,2/3,2/4) e 2J 2 j 1)E x 2J 2 i 2 ,s x 2j2i 3 ,E' x 2j2j 4)E ' for which fci - k 2 = k 3 - k 4 . 

Definition 1.6 (Sectorized Functions) Let E and E' be sectorizations. 

1) Let ii,---,i4 G {0,1}. A translation invariant function / on 2)i ljE x 2)i 2;E x 2)j 3)E / x 

2) i 4i E' is sectorized if, for each 1 < \i < 4 with i^ = 1, the total Fourier trans- 
form /(yi,-"ij/n-i.(fc,s).y/ 1 +i> , ">J/4) vanishes unless is in the j th extended neighbourhood and 

7ip(k) e s. 

ii) A translation invariant function f on 2)^ v,, is sectorized if f L. . , is sectorized for all 

> J ^E,E ■> l(ii,---,i 4 ) 

ii, • • • , m e {0,1}. 

T 4 

A translation invariant function / on (2) E ) is sectorized if /((• ,0-1), (■ ,<t 2 ),(- ,<t 3 ),(- ,c 4 )) is sec- 
torized for all <7i , • ■ • , 04 G {t, !}• 

Remark 1.7 If / is a function in the space J- 4^ of Definition XIV. 6 of [FKTf2] (or Definition 
XVI.7.iii of [FKTo3]), then its particle-hole reduction is a sectorized function on (2) E ) 4 . 
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Particle— Hole Ladders 



Definition 1.8 

1) A (spin independent) propagator is a translation invariant function on (IR x IR 2 ) 2 . If 
A(x, x') is a propagator, then its transpose is A t (x, x') = A(x' , x). 

ii) A (spin independent) bubble propagator is a translation invariant function on (IR x IR 2 ) 4 . 
If A and B are propagators, we define the bubble propagator 

A <g> B(xi, x 2 , x 3 , x 4 ) = A(xi,x 3 )B(x 2 , x 4 ) 

We set 

C(A,B)= (A + B)®(A + BY -B®B l 

= A® A 1 + A(g> B* + B <g> A 1 
A A B 

+ + 

^~b^ 

hi) Let E, £', E" be sectorizations, P be a bubble propagator and F be a function on 

2) *i,e» x 2) i2 ,E» x (IRxIR 2 ) . If if is a function on 2)e x 2)e x 2)i,s' x 2)i,E', we set 

(if • P)(y 1 ,y 2 ;x 3 ,x 4 ,) = Yl / dx i dx 2 -^(yi.y2,(x' 1 ,s' 1 ))( x 2. s 2)) -P( x 'i. x 2; x 3,^4) 

aides' ^ 

If if is a function on 2)i,e x 2)i,e x 2)i 3 ,E' x 2)i 4 ,E', we set, when zi, z 2 , Z3, are not all 0, 

(F • if ) (2/1,2/2,2/3,2/4) = XI / da; i d:E 2 F(y 1 ,y 2 ;x 1 ,x 2 )K ( (xi ,si) ,(x 2 ,s 2 ) ,y 3 ,y 4 ) 

si,s 2 6E J 

and when zi, 22, *3, *4 = 0, 

(-F • if )(fci,fc 2 ,A;3,A; 4 )(27r) 3 <5(A;i-fc 2 -fc3+fc 4 ) = XI / dxidx 2 i^(fei,fc 2 ;a;i,a;2)if ((ki,Si), (x 2 ,s 2 ),A;3,fc 4 ) 

si,s 2 £E J 

Observe that if • P is a function on 2)| x (IR x IR 2 ) 2 and F • if is a function on 2)^ E ,. If 
if' is a function on (2)1) 4 and F' is a function on (2)|) 2 x (B$) 2 we set 

(if / «P)((.,a 1 ),(.,a 2 ),(.,«73),(-,a 4 )) = if '(( • • ,a 2 ),( • ,a 3 ),( • ,a 4 )) •/> 

and 

(F'.if')((- ,<^i),( • ,0-2), (• ,o- 3 ), ( • ,0-4)) 

E • > CT i)>( • .<*»)>( • ,n),( • ,r 2 )) • if '(( • ,n),( • ,r 2 ),( • ,a 3 ),( • ,a 4 )) 

ri,r 2 e{T,l} 



iv) Let £ > 1. Let, for 1 < i < I + 1, E^, E'W be sectorizations and Pj a function 
on 2)^) E / (i) - Furthermore, let P\,---,Pg be bubble propagators. The ladder with rungs 
Pi, • • • , Kg + i and bubble propagators Pi, • • • , Pi is defined to be 

K 1 .P 1 .K 2 .P 2 .---.K l .P l . K e+1 

If E is a sectorization and P{, K' e+1 are functions on (2)^) > the ladder with rungs 

K[, ■ ■ ■ , P^ +1 and bubble propagators Pi, • • • , Pi is defined to be 

K[ • Px • K' 2 • P 2 • ■ ■ ■ • K' e • Pg • K' e+1 



Remark 1.9 We typically use C(A, B) with A being the part, v^' (k)C(k), of the propagator, 
C(k), having momentum in the j th shell and B being the part, Z/--7+ 1 ) (k)C(k), of the prop- 
agator having momentum in the (j + l) st neighbourhood. The bubble propagator C(A, B) 
always contains at least one "hard line" A and may or may not contain one "soft line" B. 
The latter are created by Wick ordering. See [FKTfl, §11, subsection 9]. 

Remark 1. 10 If Pi, P 2 are functions on (£e) and A, B are propagators over B in the 
sense of Definition VII. l.i of [FKTf2], then the particle-hole reduction of Pi • C(A,B) • F 2 
(with the C(A, B) of Definition VILl.i of [FKTf2]) is equal to 

-P 1 ph .C(A((.i),(.o)),P((.i )) (.o))).P 2 ph 

(with the C of Definition 1.8) since B((x,a,o),(x' ,a' ,1)) = -B(( ■ i),( • o)) t ((x,a),(x' ,</))• 



Norms 

In the momentum space variables, we take suprema of the function and its deriva- 
tives. In the position space variables, we will apply the L 1 -]^ 00 norm of Definition 1.11, below, 
to the function and to the function multiplied by various coordinate differences. 

Definition 1. 11 Let / be a function on (IR x IR 2 ) n . Its Z^-L 00 norm is 
Hl/llkoo = max sup / [T dxj • • • , x„)| 

Multiple derivatives are labeled by a multiindex 6 = (60,61,62) G INo x IN 2 ,. For such a 
multiindex, we set \6\ = 6 + <5i + 6 2 , 6\ = 6 l 6^. 6 2 l and x 5 = xfrx^x^ for x E IR x IR 2 . 
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Definition 1.12 Let E be a sectorization and A a function on ((IR x 1R 2 ) x E) . For a 
multiindex 5 G INo x IN 2 ,, we define 

= m fx max \\\( x ~y) 5 A (( x ^ s ^^y^ s ^)\\\i,oo 

s 3 _i6E 

Variables for four-point functions may be momenta or position/sector pairs. There- 
fore we introduce differential-decay operators that differentiate momentum space variables 
and multiply position space variables by coordinate differences. We again use the identifica- 
tion 

= U ?^> s x x 9*3,2' x 2k,£' 

ii,i 2 ,i3,*46{0,l} 

of (1.2). 

Definition 1.13 (Differential— decay operators) Let E and E' be sectorizations, 5 = 
(5 , Si, 8 2 ) G 1N x INq a multiindex and /j,, \j! G {1, 2, 3, 4} with \i ^ /j,'. 

i) Let h,---,u e {0,1} and / be a function on 2) il)S x 2); 2)E x 2^ 3 ,e' x 2)j 4 ,s'- If V = 0, 
multiplication by the 5 th power of the position variable dual to (see Definition 1.5) is 
implemented by 

Dj/(- ••,*„•••) = (-l)^^(-l)^ 1 ^ 151 ^rSr/(- • • , *m, • • 

jU.,0 /j. , 1 /u. , 2 

In general, set 

'(Dj-Dj,)/ if V = V' = 
D , I ifv = 0,V = l 

I K-D^')/ ifv = l. V=0 
,( x t- x i>)f ifv = V = 1 
Here, when i M = 1, the fi th argument of / is (x M , s M ). 

ii) If / is a function on 2)g } E „ then (Dj ;/ ,,/) | = D* ;jtl , (/ ^....J for all h,---,ue 
{0,1}. 

Definition 1.14 Let E,E' be sectorizations. 

i) Let ii, • • • , 14 G {0, 1} and / be a function on 2)^,^ x2) !2i s x2) i3)S / x2) i4)S /. For multiindices 
5\, S c , S r G INo x INq, we define 

v=l,2 i/=3,4 i/ = l,2,3,4 m' = 3,4 

with i„=l with i„ = l with il/=0 
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Here, the z/ th argument of / is k v when i v = and (x u , s v ) when i u = 1. The ||| • |||i )0 o of 
Definition 1.11 is applied to all spatial arguments of D^D^.^D^ f. 

ii) If / is a function on 2)^/, we define 

m(S u S c ,5 T ) _ Ifl \(S\,ScA) 

S,S' - Z_> -,i 4 )lE,E' 

ii,«2,i3,*4e{0,l} 

In this Definition, the system (5i,5 c ,<5 r ) of multiindices indicates, roughly speaking, that 
one takes 8\ derivatives with respect to the momentum flowing between the two left legs, 
S r derivatives with respect to the momentum flowing between the two right legs and S c 
derivatives with respect to momenta flowing from the left hand side to the right hand side. 

In [FKTfl-f3] and [FKTol-o4], we combine the norms of all derivatives of a function 
in a formal power series. We denote by Vis the set of all formal power series X = Xgt s 

JelNoXlNg 

in the variables t = (to, , £2) with coefficients X§ e IR+U{oo}. See Definition V.2 of [FKTf2] 
or Definition II.4 of [FKTol]. 

A quantity in 9I3 characteristic of the power counting for derivatives in scale j is 

Cj = j2 M j ^t s + Yl °° tS ( L4 ) 

\S \<r Q or |5 |>r 

Definition 1.15 Let E be a sectorization. 

i) For a function A on ((IR x IR 2 ) x E) 2 , we define 

JelNoXlNg 

ii) For a function / on 2)| = 2]^, we define 

1/1= = E 

<56INqxIN2 

T 4 

iii) For a function / on (2)^) , we define 

= l/((-^i).(-^),(-,a 3 ),(-,a 4 ))| s 
<Ti,---,cr 4 6{T,4} 

The following Lemma, whose proof follows immediately from the various definitions and 
Lemma D.2.ii of [FKTo3], compares these norms with the norms of Definition VI. 6 of [FKTf2]. 
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Lemma 1.16 Let E be a sectorization. 

i) Let f be a sectorized, translation invariant function on (2)^) and V p h(f) its particle-hole 
value as in Definition VII. 4 of [FKTf2]. Let \ ■ | 3 E be the norm of Definition XIII. 12 of 
[FKTfS] (or Definition XVI. 4 of [FKToS]). Then there is a constant const, that depends only 
on ro and r, such that 

|^ph(/)|3 >E <«m.t|/| E + °° tS 

Si+S 2 >r 
or <5 >r 

ii) Let g be a function in the space of Definition XIV. 6 of [FKTf2] (or Definition 
XVI. 7. Hi of [FKToS]) and g ph its particle-hole reduction as in Definition VII. 4 of [FKTf2j. 
Then there is a universal const such that 

\g p \ < const \g\ 3 J: 



The Propagators 

The propagators we use in the multiscale analysis of [FKTfl-f3] are of the form 

C { v j) (*) = ~u ^ m Ci~ j) (*) = k m 

v \ > ik —e(k)—v(k) v \ / iko — e(kj— v(k) 

with functions v(k) satisfying \v(k) \ < ^\ik — e(k)|. Their Fourier transforms are 

<#'>(*, y) = J ^e^-y>-C^(k) C&»(x,y) = J e*< fc ">- C^\k) 
C( v j) (y) = J ^e-<**>-C£>(fc) C^\y) = J *fae-< k >y>-C&fi(k) 

The function v(k) will be the sum of Fourier transforms of sectorized, translation invariant 

functions p[(x, s), (x, s')) on ^(IR x IR 2 ) x E^ for various sectorizations E. The Fourier 
transform of such a function is defined as 



P( k ) = Yl d 3 x e l<k ^ x> - p((o,s),(x,s')) 
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Resectorization 

We now fix ^ < K < j| and set \j — j^wj- Furthermore, we select, for each j ' > 1, 
a sectorization Ej of length lj at scale j and a partition of unity { Xs \ s £ Ej } of the j 
neighbourhood which fulfills Lemma XII. 3 of [FKTo3] with E = Ej. The Fourier transform 
of Xs is 

X.(x) = j e-< fc '*>- Xs(k) 



Definition 1.17 (Resectorization) Let j,j',ji,j\,jr,j' T > 1- 

i) Let p be a sectorized, translation invariant function on ^(IR x IR 2 ) x Ejj . Then, for 
j' 7^ j, the j '-resectorization of p is 

PE 3 -, ( (xi,si),(x2,S2)) = XI / Xsil^i- 1 !) ^((^.si).^^)) fel^-^) 

It is a sectorized, translation invariant function on ^(IR x IR 2 ) x Ej/j . If j = j', we set 

ii) Let ii, ■ ■ ■ , u e {0, 1} and / be a function on 2)^,5^ x 2}^,^ x 2); 3i £j r x 2); 4i £j r that is 
sectorized and translation invariant. Then the j^)-resectorization of / is the sectorized, 
translation invariant function on 2)i lj s ., x 2)j 2) £j' x 2Jj 35 £j/ x 2)i 4j sj/ defined by 

Jj '1 ' r ' r 

/£.,,£,, (?/i,2/2,J/3,2/4) = E E / II ( d < X a#i ((-l) b "(*».-<))) /(wi. 2/2,2/3,2/4) 



ne{i,2}ns M e{3,4}ns 



where 



S = { ix j v = 1 } n < 



( {1,2,3,4} if j^j!, j^jV 

{1,2} ifj^ji, j; = jv 

{3,4} if j' = j h j' r ^j r 

I if j[ = jh j'r = jr 



and y'^ = for \i ^ £ and, for fx E S, 



iii) If / is a sectorized, translation invariant function on 2)^ E ^ , then (/s^iy) 



(/| (<1> ...,i 4 )) s ,.,,E,., for aUii,---,i 4 e {0,1}. If j'( = j; = j', we set / Ej/ =/e j ,,e j ,- 
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T 4 

iv) If / is a sectorized, translation invariant function on (2jj^.) , then 

flij, (( • >fl)>( • ,<T 2 ),( ■ ,cr 3 ),( • ,<T 4 )) = ^/(( • ,Ci),(- ,CT 2 ),( • ,cr 3 ),( • ,cr 4 )) j ^ 

for all <7i, • • • ,cr 4 G {t, I}- 

Remark 1.18 Let K and H be sectorized translation invariant functions on 2)1^ v and 
2)^ s respectively. Let P be a bubble propagator. If the Fourier transform 

/ n e -(-^<^^>-p( Xli , 2iX3i , 4 ) 

of P is supported on the maxjj'j', i' r } th neighbourhood, then 



KmPmH 



r J r 



Compound Particle— Hole Ladders 

Define, for any set Z and any function if on £ 4 , the flipped function 

K f (z 1 ,z 2 , z 3 , z 4 ) = -K(z 1 ,z 3 , z 2 , z 4 ) (1.5) 



Definition 1.19 Let F = (p( 2 \ p( 3 \ • • • ) be a sequence of sectorized, translation invariant 
functions P^ on (2j|.) 4 and v(k) a function on M such that \v(k)\ < ^\iko — e(k)|. We 
define, recursively on < j < oo, the compound particle-hole (or wrong way) ladders up to 
scale j, denoted by = d (F) , as 

= 

C (j+i) = C (J) + g (F + + £g ') . • (P + C<i] + C { i] f ) 

where P = Ei= 2 and the ^ th term has ^ bubble propagators = C(ci j) , Ci~ i+1) ) . 
Observe that C (1) = £ (2) = 0. 
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Theorem 1.20 For every e > there are constants po, const ^ such that the following holds. 
Let F = (F( 2 \ F^ 3 \ ■ ■ ■ ) be a sequence of sectorized, translation invariant spin independent^ 
functions F^ on f2}i ) 4 o,nd p = (p^ 2 \p^ 3 \ ■ ■ ■) be a sequence of sectorized, translation 
,_ f fun .jjL ((R x i x E>) * L ume that there „ , £ „ such that f 0r 
i>2 

\ Fi %, < ifeti b W li,E, < P W (0,k) = 

.Set u(ife) = E l = 2 P (i) (^) • T/ien /or a/i j > 1 

< const p 2 Cj 



Remark 1.21 Theorem 1.20 and Theorem D.2 of [FKTf3] are equivalent. If one replaces 
the functions F^ of Theorem D.2 of [FKTf3] by 24 times their particle-hole reductions, 
then, by Corollary D.7 of [FKTf3] and Remark 1. 10, the concepts of compound ladders of 
Definition 1.19 and Definition D.l of [FKTf3] coincide. Hence Theorem 1.20 and Theorem 
D.2 of [FKTf3] are equivalent by Lemma 1.16. 

Theorem 1.20 will be proven following Corollary 11.24. The core of the proof consists 
of bounds on two types of ladder fragments, that look like 




and are called particle-hole bubbles and double bubbles, and a combinatorial result, Corollary 
11.12, that enables one to express general ladders in terms of these fragments. The most subtle 
part of the bound, Theorem 11.19, on particle-hole bubbles is a generalization of Lemma 1.1. 
The bound, Theorem 11.20, on double bubbles also exploits "volume improvement due to 
overlapping loops" . A simple introduction to this phenomenon is provided at the beginning 
of §IV. 

Ladders with external momenta have an infrared limit that behaves much like the 
model bubble of Lemma 1.1. 

( x ) Throughout this paper we use "const" to denote unimportant constants that depend only on the 
dispersion relation e(k) and the scale parameter M. In particular, they do not depend on the scale 
j- 

( 2 ) "Spin independence" is formally defined in Definition II. 6. 
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Theorem 1.22 Under the hypotheses of Theorem 1.20, the limit 

£(q,q',t,0- U ---a 4 ) = Hm ^ ) (F)|. ii . 2) . 3i . 4=0 ((g+| )< T 1 ),(«-| 1 a 2 ),(g'+|, t r 3 ) I («'-|,a4)) 

exists for transfer momentum t ^ and is continuous in (g, g', £) /or t ^ 0. TTie restrictions 
to t = and to to = 0, namely, £(g, g', (to, 0), ai, • • • (74) and £(g, g', (0, t), o~i, ■ ■ ■ 0-4), Ziaue 
continuous extensions to t = 0. 

This Theorem is proven following Lemma 11.29. Notation tables are provided at the end of 
the paper. 
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II. Reduction to Bubble Estimates 



For the rest of the paper, we fix a sequence F = (F^ 2 \ F^ 3 \ • • • ) of sectorized, trans- 
lation invariant, spin independent functions F^ on (2j|, ) 4 and a sequence p = (p( 2 \p( s \ ■ ■ • ) 

of sectorized, translation invariant tactions P <-> on ((H x H>) x as in Theorem 1.20 

and we set v(k) = Y^LzP^ik). Denote = Cv (F) and define the particle-hole 

bubble propagator of scale j by 



:<a)* 

min(i 1 ,i 2 )=J 

and set 

C lh,h] = c& = ® - cF J2+1) ® c^' a+1 >* 

i=ii 

Combinatorial Structure of Compound Ladders 

In this section, we use the following 

Convention II. 1 Let K and K' be functions on (SJej) 4 and (%)y,.,) 4 , respectively. Then the 
notation K + K' denotes the function r . .,, + KL on (2)e r .,.) . The same 

J ^max{j,j'} 2j max{j,j'} V^^maxfj,/)/ 



T 4 T 4 

convention is used when K and K' are functions on (?J S _.) and (2J^ J 



Definition II. 2 We define, recursively on < j < oo, sectorized, translation invariant, spin 
independent functions , on (2J E . J 4 by 

L<°) = L« = L^ 2 ) = 

oo 

L (J+1) = ^ +L (il) /) . C (h) ..... C te) . ( F (it + l) +L (it + l) /) 



= 1 n,"',i^+l>2 



where the sum Yl' imposes the constraints 

max{ji,---,je} =3 

i m < mm{j m -i,j m } for all 1 < m < I + 1 
When m = 1, min{j m _i, j m } = ji and when m = £+l, min-fj m _i, j m } = j £ . 
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Observe that depends only on the components F^ 2 \---,F^ ^ of F. 
Proposition II. 3 

i=0 

oo j 

ii) £(j+i) = ^ ^ \(F^ l) +L (il)/ ) ,C [max{il ' <2} ' J ' ] • + L fe)/ ) ••• 

<?=1 ii,---,i^ + i=2 

• • • • (jl max {^.^+i}.i] # _|_ £(^+i) 

zzz) = (i2 F ® +£ v/ + £ S) • • ( E F S + 4 J ] y + £(J+1) ) 

i=2 i=2 



To prove Proposition II. 3, we define 



i+i 

(0 



i=0 



and verify, in Lemmas II. 4 and II. 5, parts (ii) and (iii) of the Proposition, but with 
re placed by C^ k) . Then we prove that £<*) = £<*>. 



Lemma IL4 

oo j 

— ^ ^ _|_ £,(*l) s ^[max{ii,i 2 },j] # ^_p(i 2 ) L^) f^j , 

• • • • (j[ max {^.^+i}.il # _|_ Ipi+i) f^j 
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Proof: 



£° +1, = E E 



= E E 



min{j' m _i,j m } 

E 

l<m<^+l 



E 



= 1 il,---,i^_|_l=2 j m =max{i m , lra + 1 ) 
l<m<£ 



• • • • • ( + ) 

(ir(*i) + L(*i) /) • £00 • + L fe) / ) • • • 



Lemma II. 5 




a) 



L (j+i) 

L U+i) 



J2 F$ +£%>/ + £%>) • •(J2 f ^+^ ) / + 

i=2 i=2 

OO r j -it j 

E (E4 , +^ / +^])' c °' •(E f S ) +^] / +^) 



i=2 



i=2 



Proof: i) 



oo £ i min{j IT1 _i,j IT1 } 

L o+i) = ^ ^ ^ ^ r( F (ii) +L (*i)/). c oi).( F (i 2 ) +L (i 2 )/) 

^=1 ^' = 1 J"l,---,J£=0 i m =2 

Jl.-.) < '_ 1 <i- 1 1<™<<?+1 




«2 



> 



Splitting up the sum according to whether £' = 1, 1 < < £ or = we have 
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E(4 ,+ 4f) 



£=2 

oo J 



41') 



£=2 



j min{j m _i,j' r „} 

+ E E E E (^ + 4» / )-c°». 



g=2 J1,-".J>=0 £=2 i m =2 

J1=J 2< m <t + l 



oo £-1 r j'-l 

+ E E E 



y ^_p(*i)_i_£,(*i)/^ # . . . ^_p(v)_|_£,(v) /) 



g=3 *'=2 L ji,-,jV-i=0 ii.-.v^ 2 

i TO <min{j m _ 1 ,j m } 
tor m = l,---,^' — 1 
*£/ <3 t '-l 



J 



y y (_f(v+i)_i__£,(v+i)/) • cov+i) . . . ^(^+i)_|_^(^+i) /) 



»m< min {Jm-l'JTii} 
for m=^'+2, •••,£+! 

V + l + 1 



oo j—l min{j' m _i,j TO } j 

+ E E EE (FW+LW)*CW---Cti'-^.(FM+LMf) 



1=2 ji,-,je-i=0 *=2 



C«>.(4 i, + Lg ,/ ) 



E(*t+4f) 



£=2 



C 0) 



£=2 



£=2 



#c 0').£0-+i) 



E(^ + 4^) 



£=2 



Z-^t z-'j z-'j 



i=2 



C (j) 



i=2 



ii) Substituting = + L^' +1 ) into part (i) gives 

£=2 £=2 

+ ( E F S + 4'] f + 4]) • • L °' +1) 

Now just iterate. 



£=2 
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Proof of Proposition II. 3: By Lemma II.5.ii, 

£(7 + 1) = gJ) + L (J + 1) 

^3 

= &i] + E {f + 4 J ] + eg. f ) • c w . • • • c& • (f + £%] + c%] f ) 

where F = J2i=2 -^e* an d the ^ term has £ bubble propagators Thus obeys the 
same initial condition and recursion relation as that defining C^' in Definition 1.19. Therefore, 
they are equal. Hence the Proposition follows from Lemma II. 4 and Lemma II. 5. i. ■ 

Spin Independence 

The following discussion shows how spin independent functions on (2)1) 4 are related 
to functions on 2J|. 

Definition II. 6 (Spin Independence) Let 3i and 3r be sets and let / be a function on 
(3i x {T, I}) 2 x (3 r x {t, |}) 2 . Set, for each A e SU(2), 

f A ((-, ai), •••,(•, a 4 )) = /((•»n),---,(-,T 4 )) A Tuai A T2ta2 A T3:a3 A T4:a4 

n,---T 4 

/ is called (particle-hole) spin independent if / = f A for all A e 577(2). 

Remark II. 7 Let F be a four-legged kernel on Xe- If F is spin independent in the sense of 
Definition B.l.S of [FKTo2], then its particle-hole reduction is spin independent in the sense 
of Definition II. 6. 

Lemma II. 8 (Charge Spin Representation) Let 3i and 3 r be sets and let f be a spin 

2 2 

independent function on (3i x {f\ |}) x (3r x {f, |}) • Then, there are functions fc and fs 
on 3j 2 x 3? such that 

f((zi, (*2, 0-2)1 (^3) 0-3), (Z4, 0-4)) = \ fc{z\, Z2, Z3, Z4)S ai ^ 2 S a3j(74 

+ fs{zi,Z2, Z3, Z4) [S ai ,a 3 ^0-2,0-4 - |^cri,o-2^3,<74] 

Proof: The statement is essentially [N, (1-7)]. The proof is outlined in [N] between (3-40) 
and (3-41). For the readers convenience, we include a detailed proof. 

The z's play no role, so we suppress them. Then the function f(o~i, 02, 0-3, 04) 

1 C O O O O A 

can be viewed as an element of <D 1D = <D Z <g> <D Z <g> C z <g> <D Z and Ma '■ f 1 — > f is a linear 
map on (D 16 . The map A 1— > is a representation of 577(2) on (D 16 . Denote by S n the 
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standard (2n + 1) dimensional "spin n" irreducible representation of SU(2). In particular, 
the identity representation A \— > A is S\/ 2 . Since the representation A i— > A is unitarily 
equivalent to S1/2, the representation A 1— > is unitarily equivalent to S1/2 © £1/2 © 
S1/2 © S1/2 = (5o © Si) © (-So © Si) = 2^0 © SSi © 52. Thus the dimension of the subspace 
{ / G <D 16 I / = f A VA G 5*7(2) } is exactly two. Since f(a u a 2 , 03, a A ) = S aua2 S a3j(T4 and 
/(01, o 2 , 03, 04) = <5<r 1,0-3^0-2, 0-4 ~~ l^ "!. ^ ^0-3,04 are two independent elements of that subspace, 
every / G C 16 obeying / = f A for all A G SU(2) is a linear combination of 5 aij 02^0-3,0-4 and 

^0-1,0-3^0-2,0-4 ~~ 2^°"l' <T 2^O3,0- 4 . H 



Remark II. 9 

/c = /((•,?),(•, ?),(•,?),(•, ?)) + /((•,?),(•, ?),(-,!),(•, I)) 
= /((•, I), (-,!), (•,!),(•,!)) + /((•, I), (•,!), (•,?),(•,?)) 
fs = /((., T),(., |), (•,?),(•, I)) = /((-, I), (•,?),(•, I), (•,?)) 

Lemma 11.10 If K is a spin independent function on (3 x {t, 1}) 4 ; 

(^)c = H^o + 3K S ) 7 (^)s = \{Kc-K s ) f 
where K* is the flipped function of (1.5). 

Proof: 

K f ((zi,£7i), (2:2,0-2), (2:3,0-3), (2:4,04)) = -K((^i,ai), (23,03), (2:2,0-2), (24,04)) 

= - 2-K"c(2:i, 2:3, 2 2 , 24)5 - 1)Cr 35 - 2)fJ4 - Ks(zi,Z3, Z 2 , 2 4 ) [<5 CT1 ,03^0-3,0-4 - ^cn,a 3 S a2 ,(7 4 ] 
= K f s {z X i Z2, 2:3, 2:4)^,0-2^3^4 + I _ -^s)( z l» ^2, *3, 2:4)^,0-3^0-2,0-4 

= l( K C + 3K f s ) (Z! ,Z 2 , Z 3 , 2:4)^, 02 ^3,0-4 

+ - K s) (^1,^2,2:3,2:4) [(^o^o-g^,^ - ^(Ti^a <W 4 ] 



Lemma 11.11 7/ 7T and if' are spin independent functions on (2)^) 4 and P is a bubble 
propagator, then 

(H' • P • K') c = H' c • P • K' c 
(H'.P.K') S = H' S .P.K' S 



Proof: This Lemma follows directly from Remark II. 9. 
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J E, 



Parts (ii) and (iii) of Proposition II. 3, Lemma 11.10 and Lemma 11.11 give a coupled 
system of recursion relations for Cq , £g , L^) and Lg. 

Corollary 11.12 

oo j 

• • • • (j[ max {^ • _i_ l^e+i) f _|_ 3^(*£+i) f\ 

V C 2 C 2, S / 

OO J 

4^ +i ) = j2 J2 \( F s ll) + i L c l)f - i L s l)f ) •c [m * x{ii ' ia} > j] » 

• • • • (j[ max {^'^+l}'j1 * _|_ 1 + / _ I /"j 

V 5" 2 C 2 S J 

«) 4 +1) = (X>£k + + 14'^ • 

J 

•(£ 

i=2 

4 +1) = + i4>J, - + 41, ) -c M 



p(') I 1 Afi / i 3 / , /'(j+l) 



i=2 

J 



i=2 



Theorem 1.20 will be proven by bounding each term on the right hand side of 
Corollary II.12.L Each such term is a particle-hole ladder of the form 

+ ■f) • C[ max { i i' i 2},j] . . . . . Q[max{i e ,i e+1 },j] # ^q(u+i) _j_ f^j 

where (?W is either F@ or Fg and is a linear combination of Lq and L^. This 
ladder has rungs (G^ lv > + ^ which are connected by particle-hole propagators C^. 
The induction step will consist in adding an additional rung to the left of the ladder. More 
precisely, we will prove a bound on 

with H = (G (l2) + f) • C[ max ^2,*3},j] ..... + /) ; assuming bounds on 

H. The expression 

G (il) • C [i ' j] • H 
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is a particle-hole bubble 




We will derive the necessary bounds on general particle-hole bubbles in Theorem 11.19. By 
Corollary II.12.ii, 

K di) f . C [i,j] . H = (q(^) . C (ii-i) . . C [i,j] . H 

with Gf and linear combinations of £ f£°, § £g _1) , 

A- 2 A 2 

Cr), Cq. It is a double bubble 




Bounds on double bubbles will be obtained in Theorem 11.20. 
Scaled Norms 

In the induction procedure outlined above the various ladders naturally have dif- 
ferent sectorization scales at their left and right hand ends. This was the motivation for 
Definition 1.14. 

Convention 11.13 Introduce, for scales £,r, the short hand notation 



Definition 11.14 For a function / on 2)^ r and multiindices 5\, 8 C , 5 r G 1N x INg, set 

II f\\(Sl,6 c ,Si) _ 1 I f\(S\,S c ,S T ) 

\\J \\e,r ~ M e \ 5 l\ + \ g c\ max(^,r)+r|« r | \J lE^,E r 

\f\f; ScA] = max \\f\\f/- K) 

c,l S'<5i ' 

5' C <S C 
6'<5 r 



The norm | • \ ( ^f r) was defined in Definition 1.14. U£ = r = j, set 

|M - max 11 f\\^ 5l ' 5c ^ 

,6 c ,S T eTN Q XIN 
Si+<5 c +,5 r <<5 



|/I7= max ,,„„,. 

S l ,S c ,S I eTN XIN ( 2 
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Set 

A = { 5 G IN x INjj \5 < r , <Ji + 8 2 < r e } 

(II 1) 

A = { 5 = S c , (5 r ) G (INo x JN 2 ) 3 \ Si + 5 C + 5 T e A } 
where r e + 3 is the degree of differentiability of the dispersion relation e(k) and tq is the 
number of ko derivatives that we wish to control. The numbers r e and ro also determine 
the number of finite coefficients in the formal power series Cj of (1.4). The following remark 
relates the formal power series norms of Definition I.15.ii to the norms of Definition 11.14. 

Remark 11.15 There is a constant const, depending only on r e and r such that the following 
holds. Let / be a sectorized, translation invariant function on 2}^ . . 



i) 



m Sj <[max|/f 



ii) If there is a number 7 such that < 7Cj, then 

\f\ f j < const 7 forall<5eA 

Thus to prove Theorem 1.20, it suffices to prove that 

max|£g +1 ¥.' 51 < const p 2 max \C { £ +1) \f < constp 2 

Definition 11.16 (Norms and Resectorization) Let £,£',r,r' > 0. For a sectorized, 
translation invariant, function / on and multiindices 8 G (XNq x XNTq) 3 , set 



I r l[S] I , 

\J \t^ r \J'Ei,T, r \g r 



If £ = r = j and 5 € 1N x INjj, set 



\ff= max 2 \f\ [ lf A 



«! + « c +5 r <5 



As in Proposition XIX. 4 of [FKTo4], one proves 



Lemma 11.17 Let £ > £' > 1 and r > r' > 1. Let f be a sectorized, translation invariant, 
function on tyey and let 6 = (S\, S c , S r ) G A. Then 

\f\[S] <- ./ 1_ 1 \f\[S] 1 1 \f\[Si,S c ,0] 1 I j I [0,5 c ,Sr] I j|[0,^,0]1 

|/^ jT . S const^ M£ _ £ / Mr _ r / + Ml _ t , + Mr _ r i \J\ty +\J\£>,r> ] 

< const\f\g, r , 

The constant const depends only on A. 
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~M^Wl\+\Sc\ max( 



< 



Proof: Let / be a function on 2)^^, x 2)j 2 ,E^, x 2J i3)Sr / x 2); 4 ,E r ,- We consider the case 
h = *2 = *3 = *4 = 1 and < £ : r' < r. The other cases are similar, but easier. Recall from 
Definition 1.17 that, 

((a^,si),(a:2,S2), (353,83), (0:4,84)) 

= E E / II (<K Xs, ((-i)^(^-O)) /(K, S i),(4,4),(4,4),K,84)) 

f€{l,2} ^£{3,4} 

First observe that, for any fixed si, • • • , S4, there are at most 3 4 choices of (s' l5 • • • , s 4 ) for which 
the integral J Ylt=i Xs„("')) /(' ") f ans to vanish identically, because / is sectorized 
and £' < £, r' < r. So it suffices to consider any fixed s[, • • ■ , s 4 . Hence by Leibniz's Rule 

(S S S 1 

(Lemma 11.21), H/e^eJI^ ^ c ' ^ s bounded by a constant, which depends only on A, times 
the maximum of 

lx ( .,,.)+H* r | J Y[^dx v J n ( d < |(^ -^) /?!/ X s ,((-i) i " / (^-<))|) 

|^l; 1 2D^^/D3 ; r 4 /((a:i,s' 1 ),(xJ,,s^),(x^s^),(x^s^))| 

-T~::---:-;r,--\-"-.)+r-|irl ( I I ':•''/'' \>- '•''"' '/. ) |-/ |\; ,.n; , 

M £V 1 | + |a. c | m »x(4/,r')+r'|o. r | / 4 \ , U ||(ai,a c ,a r ) 

M ^|«ll + |5 c | max(<!,r)+r-|<5 r | I 11 As„ (^f J 1 1 £1 I | 

over xi, s±, • • • , s 4 , s^, • • ■ , s' A and [i G {1, 2}, G {3, 4} and a\, a c , a T and 

Pv = Pv,\ + v ,c + Pv,x 1/ = 1, • • -,4 

obeying 

+ «1 + /?2,1 = 8\ P/j,,c + «c + /V,c = <^c /?3,r + Or + /?4,r = #r 
A,r = #2,r = P3,l = Pa,\ = Pu,c =0 for V ^ fJL, fx' 

In particular 

£\6i\ + \6 C \ max(£, r) + r|<5 r | > i\a x + ft + Pi\ + \a c \ max(£, r) + r\a T + fe + f3 4 \ 
By Lemma XII.3 of [FKTo3] 

II ( Ml ^ f Ml^l £ if 1/ e {1,2} mo v 

\\<"XsM\\ L i< const { Mmr ifz/G j 3 ; 4 | (H.2) 

so that 

M e'\ ai \ + \ ac \^(e', r ')+ r '\ ai \ X \|| 

JVf*|«ll + |(5 c | max(<!,r)+7-|<5 r | 11 1 1 As,A X ^ J 1 1 £1 

v=\ 

< . M^W^H^ flfllfli+fol+Hfo+fol 

- COnSt Jl^l<5ll + I<5 c | max(^,r) + r|5 r | iW 

< - ^^i 
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and 

II/ ||(<5i,(5 c ,<5 r ) <■ . mav 1 II f ||(ai,ac,ar) 

\\te t ,Vr\\t,r ^ const ™f£ M (*-*')KI + (^')|c« r | ||/|lE,,,E r , 

«C <<5 C 

and the Lemma follows. 



Bubble and Double Bubble Bounds 



Definition 11.18 Let % < j. Then 

— r^'rt -i- r^'fl -i- 

u — '-top "T l- m id ' u bot 

where 

i >J 



<&? = E cm® W 



it >i 



Theorem 11.19 (Bubble Bound) Let 1 < i,£ < j and 5\, S T E A. Let g and h be sectorized, 
translation invariant functions on 2)^i and respectively. Then 
a) 



\g . . h\f:° A] < const i max U^lhl [aM 

|a r | + l«ll<3 



b) For any [3 E A 

- Df ;3 c^ . ft |i^.'° < c 0ns t iiPiis-°^ii^ii!r^ ) 
M .B^. h ^< const ii 9 tr"iikiir*' 

lk«C^ •ft||£'° A) < const b'-i + l!|| S ||^ ' 0) ||ft||S 0A) 
ana 7 /or any /3 G A with \(3\ > 1 anrf (/i, //) = (1, 3), (2, 4) 

sfoiip • 'C oa > < -st iMe^i| ft |i:r'' 



This Theorem is proven in §111. 
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Theorem 11.20 (Double Bubble Bound) Let 1 < £ < i < j , u E JN x JN^ and 

S\,S T E A. Let gi, g 2 and h be sectorized, translation invariant functions on 2)^, %t,i and 
2)ij respectively. Let V be either 

oo 

or 

V^ n (x 1 ,x 2 ,x s ,x 4 ) = 1 ^ lI Ci m Hx 1 ,x 3 )D^ 4 Ci i \x^,x 2 ) 

m=£+l 

a) If v + 5\ + a E A for all \a\ < 3, then 

\i t\ \f n\i,i] u I ^ , ■ rr 1 1 I<5i+a U p] 1 1 [5i+a dn ] 1 , 1 [ai,0,5 r ] 

\{g 1 »V»g 2 y »C [ > Ji »h\ < const 1 yjk max \ gi \ \92\ t \h\. . 

|aupl + |a dn | + |ai|<3 

b) If v + 81 G A, then for any [3 G A 

1 11/ ^ \f t\P A-M LllO^OA) . , A" I |[0,5i,0]| ,[0,<Ji,0]||, ii(0,0,<5r) 

WmWidi •V*g 2 y •D^ ;3 C{ op J < const VMH,^ |<7 2 |^ IHL,,- 

1 11/ ^ \f T.P n\i,j\ i,||(<5iA*r) ^ , A" I I [0,5i,0] I I [0,5i,0] I. , N (0,0,<5 r ) 

lim \\{,gx *V. g 2 y •D^ ot J •h\\ ej < const Vk\9i\^ \gi\ u \\h\\ hj 

c) If v + S\ G A, then 



-n \f A^j] ,11(^1,0,5,.) .. . , r-, I [0,*i,0] I |[0,5i,0]m |,(0,0A) 

9i •Vmg 2 y *C l m ^ •h\\ lJ < const \j - 1 + l\^l e \ gi \ e/ \g 2 \ £/ \\h\\^ 
and for any (3 G A with \(3\ > 1 and (fx, fx') = (1, 3), (2, 4) 



1 11/ ^ \f r\P M^J] t i|(5i,0,5 r ) . /Tl I [0,^! ,0] I I [0,5i,0] 1 1 , N (o,o,5 r ) 

Mm\W • V • 02)' • D^,C mid J • h\ t4 < const Vk\9i\ eA \g 2 \ e/ \\h\\ hj 



This Theorem is proven in §IV. 
Remark. Observe that 

u — ^o, up + u o, 



We use Leibniz's rule to convert Theorems 11.19 and 11.20 into bounds on derivatives 
of g • Ct l ' J l • h and (gi • C^> • g 2 )f • • h with respect to transfer momenta. These bounds 
are stated in Corollaries 11.22, 11.23 and 11.24, below. 
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Lemma 11.21 (Leibniz's Rule) Let ^i,r 1 ,£ 2 ,^2 > 1? P o bubble propagator and Ki, K 2 
sectorized, translation invariant functions on %)i liri a n d%)i 2! r 2 > respectively. Let n, v G {1,2}, 
fj,',i/ G {3,4} and 5 G IN x JNq. JTien, 

|8i,/92,/3 3 eIN XIN2 
0i+/3 2 +/3 3 =« 

/T ere f 6 ) - SI 

nere ypiMs) ~ fallow ■ 

Proof: The proof is trivial. ■ 

Corollary 11.22 Let 1 < £ < % < j and S\, S c , 5 r G A. Let g and h be sectorized, translation 
invariant functions on 2)^ and 2)i,j respectively. 

a) 

|| 9 .<*?.<5**' < -nst | 9 fi A ' 01 |<f A1 
h .^. h ^"» < const |C A '° ] |<f A] 

b) For {1, 2} and ^ G {3, 4} 

/3l,/3 2 ,^ 3 eIN XIN2 
/3l+/3 2 +/33=nc 

and, for all j3\ + (3% + @3 = &c, 

ATRc^IPm^* ^l^mid • L, l;Ai' A ll^j 

/ / ■ ■ . -.Ml || (5i,/3i,0) I, 11(0,^3,^) ., fl n 



const 

— mPITU^ 



|(5i,/3i,0). 


u |i(0,/3 3 ,5 r ) 




1 IU,j 


[<5i,/3i,a r ] 


7 [ai,^3,<5r] 






|(5i,/3i,0)i 


Hff 3,Sl) 







z max |#|^ . = 

|a r +ai|<3 



s W 7' ; if fh*o 



Proof: a) We consider the case of top. By Leibniz, 



/3l,/3 2 ,/3 3 eIN () XIN2 



The desired inequality follows by the triangle inequality, Theorem II. 19b and Lemma 11.17, 
with D^ 3 g in place of g and , h in place of h. 
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b) The first statement is again Leibniz's rule. By the first statement of Theorem II.19.C, with 
D^3<7 in place of g and D^f ,/i in place of h, 

i n . r [hj] m n^ 3 Ml 051 ' '^ < m n-.t lln^ 1 nll ( * 1 '°' 0) lln /33 / ) || (0 '° A) 

MW^II^MsSf • C mid • L, l;/*' ft ll*,j ^ COnSt W^U W ^9 \\^ yPl-^'Hi,] 

< const ^||d£^IIS ,0,0) I|i^^IIS 0A) 

< const i^Ml^^ll^ll^^Ml^U^II^A) 

< cons t tzi+1 ||oll (5lA ' 0) ll/ill (0,/33A) 
- consi M\0i\U-t) \\9\\ e j \\ n \\i,j 

For the second inequality, we used the variant 

MW?, ||(5i,0,0) _ i | n< 5, I [0,0,0] < f 1 Unft i[0,«.0]_ MW?! i|(*i,0,0) 

of Lemma 11.17. The proof of the second case is similar, but with 

WamC li ' i] • h\\ iSu0,Sl) < \a*C [hj] •h\ lSu ° A] + I a • C lhj] • h\ [<5l '° A] + la • C M • h\ [5u ° A] 

< const z max |g 

l«r l + l«ll<3 



(by Theorem II.19.a,b) used in place of the first statement of Theorem II.19.C. The proof 
of the third case is again similar, but with the second statement of Theorem II.19.C used in 
place of the first statement of Theorem II.19.C. ■ 

Corollary 11.23 Let 1 < £ < % < j and S\,S C ,S T G A. Let g±, g% and h be sectorized, 
translation invariant functions on 2)^, andtyij respectively. Let fx G {1,2}, fx' G {3,4} 
and 

g=( gi .C^.g 2 y 

a) If 5\ + 5 C G A, then 

b -CS 1 • h\\ff M < const s/u \ 9l \f' +s <%\f' +e M°?' A] 

n 9 .(*?.kii<';**> < o 0nst ^ w!r*vir ,+i >i!°* A] 



b) Let 0! + (3 2 + (3 3 = 6 C . If Si + Pi G A, then 

M\6c\j \\ U »;39 # ^l^mid * \\£,j 

( ■ ■ , i \ I I l[°H-PU I i I"] "i- < ! M -, H"-''» ;■<» : .,. ? ,, 



const fT~ 

- Ml^ilO-^ V U 



|(0,/3 3 ,<5r) 



|[<5i+/9i]| 
U 1 




#2 


|[<5i+/9i]| 






#2 
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//" /?2 = and 8\ + (5\ + a G A for all \a\ < 3, then 



1 n « d^ 2 r [hJi m V>P 3 h\ 

MWZU\\ U ^9 • JJ l;3 ( -mid ,1J l;Ai ,/l ll«j 

const • A" mQV I |I<5i+/3i+a up l| |I<5i+/3i+a dn ]i, Aa u /3 3 ,5 T ] 

< MWi \U-t) 1 Vk max |^| |# 2 |^ \h\ 

Q up l a dn> a l6 IN O xlN o 
"up l + l a dn + I < 3 



Proof: a) We consider the case of top. By Leibniz, 

/3l,/3 2 ./33eIN XIN2 
/3l,/3 2 ./33eIN XIN2 

Substitute = V ^ p + X^dn- We consider the case of up. Then 

D&G/i • <ip • 92) f • . D* = (D* • <i P • flO)' • D* C&? . D* 

= (-1)1*1 E ^'VSJ ( D ^i • *>£«p • Oft*)' • D&Cfc? • D* ,A 

Tl,T2.73eINoX IN o 
71+72+T3=/3l 

The M |f c | 3 - 1| • ||^!'°'* r ^ norm of each term is bounded by Theorem II.20.b. 
b) As above, we must estimate the M *s c \ j || ' ||/ 1 .'°'* r ^ norm of terms like 



with 71+72+73 = This is done using Theorem 11.20. (In the last case, we write 

Ahj] _ Ahj\ AhJ] \ m 

C mid - L ~ C top - L bot ■> ■ 
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Corollary 11.24 Letl<£<i<j,l<r<j and S h S c ,S r G A. Let [i G {1,2} and 
[i' G {3,4}. Let h be a sectorized, translation invariant function on 2)i )7 . and let h! = h^^j 
be its resectorization as in Definition l.ll.i. 

a) Let g be a sectorized, translation invariant function on 2)^. Then 

hjh*<ttl •K-u'h , C- 0A) < const max Igf^ 1 ( g±i \h\ [McA1 + i \h\ lau °' 0] ) 

i\Sc\ ||y mid n,n \\£,j - „, e iN n xIN2 |y| A* V MJ 1 U ' r 1 U > r / 



M3 



a r , ai eIN XIN^ 
|« r | + |cq|<3 



b) Let gi and g<i be sectorized, translation invariant functions on 2J^. If S\ + a G A /or a// 
| a; | < 3, i/ien 

|I<5i+a up ]i I [<5i+a dn ] / j—i+l I , I [0,6 C ,S T ] . i,i[ai,0,0]\ 



^ , I7~ I |[ 5 i+«u P ]| I [<>i+a dn ] / j-i+l I r I [0,<5 C A] 

< const m ax \gi\, o 2 L r L r + *H 



«up,a dn , ai eIN XIN- 
«upl + l« dn l + l«il<3 



i,r 



Proof: We prove part a. First suppose that h is a function on 2)|. x ((H x IR 2 ) x S r ) . 
Then, for S3, S4 G Sj, 

•,(-,s 3 ),(-,s 4 )) =/!• (x«3®X« 4 ) 

We have 

MJ'l 5 cl ||y • U mid * \\e,j ~ MJ'(l«cl + l«rl) ||i/ • '-mid • U n;fi' U 3;4 a \\£j 

Apply Leibniz to D^,D 3 ; 4 (/i • (x S3 <g> x* 4 )), yielding a sum of terms of the form 

with /?! + /3 2 + /?3 = d~ c and 71 + 72 + 73 = <5 r . If /?i + 71 = we apply Theorem II. 19a and 
otherwise we apply Theorem II. 19c. The Lemma follows from 

ll ^' ^ # D ?;3 +72D ?;4 +73 (X S 3 ® Xt 4 ))||i°'°' 0) < il^^CI^+^+^+^^^I^K+l^l^l^l^o,^] 

< M j(\6c+6r\-l) M i\ h \l°> s c> s *l if 1^ +7l | > 1 

which is proven in the same way as Lemma 11.17 and, in particular, uses (II. 2) with r = j. 
If one of the third or fourth arguments of h lie in momentum space, M, the argument is 
similar, except that the corresponding % S3 or % S4 is omitted. The proof of part b is similar 
with Theorem 11.20 used in place of Theorem 11.19. ■ 
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Proof of Theorem 1.20 (assuming Theorems 11.19 and 11.20): 

Let 5 E A. By the hypothesis of the Theorem and Remark II.15.ii, there is a constant cp 
such that 

We prove by induction on j that 

max iff 1 ! < c £ p 2 max \cf | jf^ < c c p 2 for all i < j (II.4) 

with a constant C£, independent of j. See Remark 11.15. By construction = = 
£(2) = 0. Now assume that (II. 4) holds for some j 1 > 2. We prove that 

max|4^f <c £ p 2 (II.5) 

The bound on £g is similar. 

For z < j we have, by Corollary II.12.ii, 

Lg)= G g- 1 ).C^- 1 ).Gg- 1) 



with 



i-1 



r (»-i) _ v-^ , i / + 3 r {i ~^ f + r^ _1 ) 

U C,1 - / , f CS,--, 2^CS,-! 2 L SE i _ 1 + L CS,_ 1 
i'=2 
i-1 

(i _l) _ (;') ! (i _i) / 3 (i _i) / (i ) 

i'=2 
i-1 

(i-1) _ (;') j / _ 1 (i _i) f (i _i) 

i'=2 
i-1 

^(i-1) _ p(i') ■ 1 /.(*-!) / _ 1 /.(i-l) / ■ /•(*) 
^5,2 SS i _ 1 t 2 i 'CE j _i 2 o Ej_i S" 



i'=2 



The hypotheses (II. 3) on F and the induction hypotheses (II. 4) imply, via Lemma 11.17, that, 
when p is small enough and M e is large enough, 

|^(i-l)|M / |^(i-l)|M ^ m c s 

max Go ' . t<cfP max Go „ . ^ < cpp H-6 

for i < j, v = 1, 2. 

Remark 11.25 For z < j 

max \ \. 5 _ 1 < const c^p 2 max | ^ < const c 2 F p 2 
where const is (2 + 3 r o+ 2r e) times the constant of Corollary 11.22. 
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Proof: We prove the Remark for L^). Fix (5\,5 C ,5 T ) G A. Decomposing 

_ , , r [i-l,i-l] 

and applying Corollary 11.22, parts a and b respectively, with £, i,j all replaced by i — 1, we 
have 

1^ . C^ 1 ^ • Gg^ tlfi < const ((1 + 1) + 3^) \G<£> \f:lf\ \G<£? 

< const (2 + 3 ro+2re )4p 2 



0, = i 2 max{A/^, ^} 
— _u l r( i )/ lr( ! )/ 



Set, for each i > 1, 

and 

Then, by Corollary II.12.i, 

oo j 
l=\ i 1} ---,ii +1 =2 

We put the main estimates required to complete the proof of Theorem 1.20 in 

Lemma 11.26 Let £ > 1 and i±, ■ ■ ■ , ig+i < j . 
a) For \a\ < 3 and 5 G A, 



# ^[max{ii,i 2 },j] # J((i2) # . . . # 



[a,0,5] 



< const^ (c F p) ^^Di!- t>^ 



b) For (S h 0,S t ) G A 

# (j[max{ii,i 2 },j] # ^(i 2 ) # . . . # ^(^+l) 



[SuOA] 



3,3 



< const ^ (c F p)^ +1 t) i2 •••*>i l m\D.{x> il ,'o ii+1 } 



c) For ^ 6 A, |i G {1,2} and fx' G {3,4}, there are sectorized, translation invariant 
functions k', k" on 2)^ such that 



1 ,T) S 



• C[ max { i i> i 2}>j] # . . . # }((ie+i)^ 



= k' + k' 
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and, for all \a\ < 3 and all 7 with 7 + 5 G A, 

\k>\ [ ^ ] < const* {c F p) t+1 ^» il ---» ie 



d) For (Si,8 c ,S r ) G A with \6 C \ > 1, 

^(ii) # ^[max{ii,i 2 },j] 9 . . . 9 ftiu+i) 



< const (c F p) V i2 - ■ -V ie mm{V il7 Q ie+1 \ 



3,3 



Set i = max{ii, i 2 } and write, for (a\, a c , a T ) G A and a up , aa n G A, 

/ \ • I i7i(ii) I [ai,a c ,a T ] 

q{ai,a c ,a r ;a U p,a d n) = 1 \r g • • 

I • /F I [«up] I I«dnl . 1^,(11-1) I [C*up] ^(il-l) I Kn] 

lii-i 1^0,2 1^-1+1^5,1 lii-i 1^5,2 Ui— 1 
By (II.3) and (II.6) 

q(a h a c ,a r ;a up ,a dn ) < ij^ + i 2c 2 F p 2 y / k 1 - 1 < 2c F pX) h & (II. 7) 

for p sufficiently small. The proof of Lemma 11.26 follows 

Lemma 11.27 Let 1 < 11,12 < i < j, 1 < r < j and 5\,5 C ,5 T G A. Let p G {1,2} and 
p! G {3,4} and loc G {top, bot, mid}. // loc G {top, mid}, set (1/, v') = (1,3). // loc = bot, 
set (f, i/') = (2,4). Let H be a sectorized, translation invariant function on %)i 2 , r - 



a) Let f3 2 + f3 3 = 5 with fa ^ and either \8\\ < 3, 6 + 5 T G A or 5\ + 5 r + 5 G A. T/ien 

1 I TSUI) . rv/?2 ^[ij] n /3 3 117" ^ |[<5l,0,<5r] < , / \ I u-|[0,/3 3 ,<5r] 

b) Let \8\\ < 3 and 5 + 5 Y G A. Then 

1 I . A^3\ . p|<5 ex |[<5i,0,5 r ] 



< Const max g(5i,0,a up +a d n;<5i+a!up,«i+adii) -H . . + -H . 

«up,a dn ,aieIN Q XlN2 V 12 '3 11 



ai,0,0] 



l«upl + |adnl + l Q ll< 3 



c) Let fa + f3 2 + f3 3 = 5 and j3i + 5 h 5, 5 T G A. Then 

1 lrv/31 7Wii) -r) /3 2 r [i,j] -r) /3 3 ex ^ |[<5i,0,5 r 



< const j^tkfen g(*i.0i.O;*i+0i.*i+0i) l-H" 
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Proof: Subbing in the definition of and applying Lemma 11.17, 

+ const |U m;3 (Ct C)1 «C # ^c,2 J * L> v y L \oc * ^i^'-^e^e,- 

+ const |U M;3 (Cr 51 «C # ^s,2 J • L> v . y L Xoc •D 1 . A( ,/* E . )Ei | ii _ ljj . 

We were able to replace ^ by ^ without changing the • products because i > 12 
and Cf*'^ is supported in the i th neighbourhood. 

a) By Corollary II.22.b with (3i = and 5 C = 5 (and, when loc = top,bot, Theorem 11.19. b 
with/.= s5 krD*,i/ 5: „ Sj ) 

nb^i*' -D* ,C,M . D* ,H^£;;° M < const | F (,»|^o.o l|ff| [o ; * A1 

provided Si, 8 r , 5 G A. For T = C, 5, 

< const v/[— T iG^-^I^JG^-^I^Jfrl^ 8 ^ 

— V '1 J- I 1,L — 1,2. — II k 2 ,j 

by Corollary II.23.b with ^ = h — 1, (3\ = and 5 C = 5 (and Theorem II.20.b when loc = 
top,bot), provided S\,S r ,S G A. 

b) By Corollary II. 24. a with 5 C = 5, £ = i\ and r = j (and Corollary II. 22. a when loc = 
top, bot) 

^|F«-'>. C M.D? ;f .,// E ,, E) |^ 0AI 

< const max |F<"> l!*' ' * 1 f Iff |!°' 5A1 + i| Hi l ° l/W ' 1 ) 

l«ll + l«rl<3 

provided <5 1? 5 r , 5 G A. For T = C, S, 

< const v^IT max iG^ I I** " 1 leg 1 " 1 ) I l5l+ ^ 1 ({Hi +i\H\ lai '°' 0] ) 

l«upl + l«dnl + l a ll< 3 

by Corollary II.24.b with 5 C = 5 and £ = i\ — 1 (and Corollary II. 23. a when loc = top, bot) 
provided 8\ + a G A for all \a\ < 3 (which is certainly the case when \S\\ < 3) and S r , 5 G A. 
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c) By Corollary II.22.b, with 5 C = 5 (and Theorem II.19.b with (3 = fo, g = ^^i l D m;3 F s ° 



and h = MTim B w H Vi,Vj> when loc = top,bot) 



M3T 



|[*l,0,«r] 



< m nst I F^) I [Sl ^' 0] I I [0 ' /33 ' 5rl 



H2J 



provided <5i, <5 r , 5 G A. For T = C,S, 

by Corollary II.23.b with 5 C = 5 and £ = %\ — 1 (and Theorem II.20.b when loc = top, bot 
the D^ 3 is treated as in the proof of Corollary II. 23. a) provided 8\ + fii, 8 T , 5 G A. I 



Proof of Lemma 11.26: The proof is by induction on £. We begin the induction at I = 1. 
Observe that, by (II. 3), Remark 11.25 and Lemma 11.17, 



max\K^\l* j < c F p 
for all 5 G A, if p is sufficiently small. 

a) By Lemma II.27.b, with 5 = 0, 6\ = a and 5 r = 5, (II. 7), (II.8) and Lemma 11.17, 

[a,0,S] 



(II.8) 



< COnSt max q(a,0,a up +ce du ;a+a up ,a+a du ) 

aup,adn.«ie IN OX IN § L 
l"upl + l"dnl + l«ll< 3 



i 2 ) | [0,0,5] 

»2 



i 2 )|[«i.0,0] 

1*2 



< const c F p D il 



2 J„. i 2 



for all of loc = mid, top, bot. Observe that a + a up + ctdn + aq G A, since, by hypothesis, 
r e ,r > 6. 

b) By symmetry, we may assume, without loss of generality that %\ > %i- Then 
t>i 2 ---t>^ minjo^ , t>^ +1 } reduces to 0^. By Lemma 11.17, Lemma II.27.C, with (3\ = 
02 = 03 = 0, (II. 7), (II. 8) and part a of this Lemma with £ = 1, 

[5i,o,<y 



.^M •K( J2 ' 



J.J 



const 



— Mi~ 



K (h) 9C [i,j] mK d2) 



[5i,0,(5 r 



+ const 



«,j 



jjf(ii) 



[0,0, 5 r 



*,J 



< cons ^n +1) 9(^^^^^i)|^ (t2) |!°'°' grl + const .K^ 



[0,0,*r] 

i,J 



< const c^p 2 djj I 2 - < const c F p^ X> ix 



„2 2 
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c) Substitute CM = C&1 ] + + c£ J t ] into 



n 5 



- n" 



and apply Leibniz's rule (Lemma 11.21) using the routing which gives D^gC^, D^C^ and 
^f^bot • We define k' to be M ] lsl times the sum of all resulting terms having no derivatives 
acting on and k" to be M ) \ s \ times the sum of all terms having at least one derivative 

acting on K^ ll \ Fix any a, a' and 7, 7' obeying, \a\ < 3, 7 + 5 G A and a' + 7' + 6 G A. We 
show 



<|£f'< const 4,%jf 
[0,0,7] 



and 



|F|^<const4^p 2 

^[a',0,7'] 1 7 // 1 [a' ,0,7' 



J, J 



+ \k'' 



'3,3 



< const cip 2 t>i, 42- 



(II.9) 



(11.10) 



Let loc G {mid, top, bot}. If loc G {top, mid}, set (iv, z/) = (1,3). If loc = bot, set (v, u') 
(2,4). The contributions to k' and k" coming from cj*^' are 



k[ 



loc I <5 



V ( 6 \K {h) •T> li2 C [i ' j] • D^ 3 AT (i2) 



/3 2 ,/3 3 eIN XIN2 
/ 3 2+/ 3 3= 5 



j.// 1 ( 5 "m^ 1 k^) m n^ 2 fM • r^ 3 fr (i2) 

/3l,/3 2 ./3 3 eIN Q XIN2 
l/3l|>0 

We first bound k[ oc . Fix /3 2 + P3 = S. First consider f3 2 7^ 0. Let S T ) = (a, 7) or 
(a', 7'). By Lemma II.27.a, 



Mi\ s \ 



*l ,3 



< const c 2 ^p 2 0i 1 — 



»i 



Next consider #2 = 0. By Lemma II.27.b, with 8\ = a and 5 r = 7, 



MM 



2 



,0,7] 



*1 ,J 



»2 ,2 ^J 



,0,7] 



< COnst max q(a,0,ce up +a dn ;ce+a up ,ce+a dn ) 

n„ p ,a dll , a ,eK XIN 2 L 
I a up I ~r~ I l + l«ll<3 

< const c\p 2 X> lx U- 



i 2 )\[0,8,-y] ^ |^(j 2 )|[ai,0,0] 



1*2 



1*2 



38 



and 



Ej 2 ,Ej 



[a',0,7'] 



J, J 



< const ^ 



[0,0, 7 '] 



+ const M j- il Mi \ S \ 



[a',0,7'] 



< const 



Mi 1 5 



2 



[0,0,7'] 



+ COnst ^j^-«?(a',0,0;a',a')|K ( 



*l,J 

i 2 ) I [0,5,7'] 

I 12 ,J 



< const cfip 2 ^ y 



In the first step we applied Lemma 11.17. In the second, we applied Lemma II.27.C with 
Pi = P2 = 0, P3 = S, S\ = a' and 5 r = 7'. In the third step we applied the conclusion of the 
last estimate and Lemma 11.17. 



To bound \k 



|[<5i,0,5 r ] 



loc 



with 5\ + 5 r + 5 G A observe that, by Lemma II.27.C, for all 



Pi + P2 + Pz = S with p 1 ^ 0, 



Mi 1 5 



H\6 v\v' loc l;/u 2jj 2 ,2jj 

< const jy^nTT^iT) 

< const «+14p 2 0ll £ 



[5i,0,5 r ] 



«i,3 
i 2 )|[0,/3s,<5 r 

*2,J 



Setting <5 r ) = (0,7), we get the /c" estimate of (II. 9). Setting (5\,5 r ) = (a/, 7') and using 
Lemma 11.17, we get the k" estimate of (11.10). 
When £ = 1, part c follows from (II. 9). 

d) Again, we may assume, without loss of generality that i\ > %2- By part c and (11.10) 



Mi I *c 



D 



K {ll) mC [i ' j] •K^K 

2ji 2 



l d i> > 5 *} ,..,[S U 0,Sr] , |,//|[<5i,0A 



3,3 



< kT 

— 1 h,j 



+ k" r 

1 1 3,3 



< const (? F (? Ojj 



This finishes the case £ = 1. 
Induction step: We assume that the Lemma holds for £ — 1. Write 

Jjf(ii) . • if ( l2 ) • • • • • = • £M • if 



with 



H = #c[ max { i 2' i 3}>j] 



7^(^+1) 
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Set 

53 = const/ -1 {c F pY t> i2 • • • t> i£ 
The induction hypothesis applies to H. So, for all |a| < 3 and 5 G A 

i^yi[a,0,<S] < 

I \i 2 ,j — 12 

Furthermore, for each ^ S G A, G {1, 2} and G {3, 4}, there is a decomposition 
with, for all \a\ < 3 and all 7 with 7 + 5 G A, 

K««'l- a,0,7] — 

It// I [°>°>7] < j-i 2 + l <y> ^+1 
I Wu 2 ,j — M3-*2 ^ i 2 



In particular, 



i^yi [O,5 ,(5 r ] ^ 2<TJ ig+i 
I \i 2 ,j — 12 



for <5 C + 5 T G A. 

a) By Lemma II.27.b, with 5 = 0, 5\ = a and 5 T = 5, (II. 7) and Lemma 11.17, 



< const max (/( 

«up,adn. a ie IN OX IN o 
l«upl + |Q!dnl + l a ll^ 3 

< const c F p t> h g QJ ^ < const c F p ^ 



ai,0,5] 



b) Again, we may assume, without loss of generality that %\ > ig+i- Then the factor 
const^ (cFp) e+1 Vi 2 • • • ti^ min {0^, t>i e+1 } in the right hand side of the statement reduces to 
const cfP O^^J. The remainder of the proof is virtually identical to that for £ = 1. 

c) Substitute = C&1 ] + + C [ ^ t ] into 

1 ' J J L 



D 5 



and apply Leibniz's rule (Lemma 11.21) using the routing which gives D^C^'p , D^C^ and 
D 2;4 C bof • We define to be 1M times the 

sum of all resulting terms having no derivatives 
acting on and k" to be j^jjji times the sum of all terms having at least one derivative 

acting on . Fix any a, a' and 7, 7' obeying, |a| < 3, 7 + 5 G A and a' + 7' + 5 G A. We 
show 

lA;'!^' 0,71 < const c F p 0il <U 



k 



"^ ] < const c F ^±lp, n ^^ (IL11) 



40 



and 



/ 1 [«', 0,7'] I , „\ [a',0,7' 



|jfe'| la .' u '' rJ + |jfe 



< const CFpDi, 23^ti 



(11.12) 



Let loc G {mid, top, bot}. If loc G {top, mid}, set (z/, z/) = (1,3). If loc = bot, set (z/, z/) 
(2,4). The contributions to fc' and /c" coming from C\^ ] are 



loc Mil 5 ! 



E 



J v\v' loc 1;m 2j *2' 2j j 



02, A 



/32,/33 6INoXlN^ 



fc loc - Mim" 2^ U,/32,/3 3 i JJ ^;3 A ,L V;^ C loc • JJ l;^ iJ S i2 ,E J 

/3i,/3 2 ,/3 3 eIN xIN2 

/3i+/3 2 +/3 3 =« 
l/3ll>0 

We first bound k[ oc . Fix /3 2 + /33 = S. First consider /? 2 7^ 0. Let (<5i, <5 r ) = (a, 7) or 
(a', 7'). By Lemma II. 27. a, 



M3W 



^•D^C^'.Df^^,^ . < const q(s u o M )\H 



[(5i,0,<5 r 



|[0,/3 3 ,5r 



< const c F p n ^2J%i 



< const cfp 0^ 



«1 »2 

it+i 



Next consider /3 2 = 0. By (II.7), 



[a,0, 7 ] 



K^.cti ] *Bi u/ Hj:. E . 

loc '^J 



[a, 0,7] 



< 



K • L loc %tl 5A,n' 



[a,0, 7 ] 



+ 



A * '-loc * n 8,l,n' 



[a,0, 7 ] 



< COnSt max (/(a,0,a U p+a dn ;a+a U p,a+a dn )|/l£ ! /I . ''. 

Qu p,c dn , Q1 e]N XIN 2 ' ,Hl * 2 'J 

«upl + |a d nl + l«ll<3 

I [0,0,7] 
I *2 ,j 



ai,0, 7 ] 



+ COnst<2(a,0,0;a,a)(j - 1 + l) | hg 1/jt , | 



< const c F p tJ 4l 

since ^~ t+ ^j'-~ 2 l2 ~ 1 ' > < const . The term with /i^ x , was bounded using Lemma II.27.b with 
5 = 0. The term with hg l fl , was bounded using Lemma II.27.C with Pi = = = 0. 
Again, with /? 2 = 0, 



1 

Mi\ s \ 



as in the proof of part (c) when i = 1. 



[a',0,7'] 



< const cf/9 0^ 23 -| 
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We bound |^|oc|^ 1 '°' <5r ' with Si + S T + S e A as for £ = 1. Observe that, by Lemma 
II.27.C, for all p x + /3 2 + /3 3 = 6 with ft ^ 0, 

< const M fc;&-i 1 ) g(ft^i.0;Wi,ft+i9i)lg|£',f A1 

< const y^c F p Dll 03 ^ti 

Setting (S\, S r ) = (0, 7), we get the k" estimate of (11.11). Setting (S\, S v ) = (a', 7') and using 
Lemma 11.17, we get the k" estimate of (11.12). 

d) Part (d) follows from part (c) and (11.12) as in the case i = 1. 



Completion of the proof of Theorem 1.20: 

We prove (II. 5). Let 5 = (5\,8 C ,5 T ) G A. By parts b) and d) of the Lemma above, 

for £>1, 



, (j[max{ii,i 2 },j] # ^(i 2 ) # . . . # ]£{.H+l) 



Therefore, by Corollary II.12.i, 



3,3 



< const^ (c F p) e+1 t) i2 • • • \> it min {0^ , t> it+1 } 



\ r (i+i) 



[<5] 00 j 

. < E E const£ (cfp)^ +1 t>» 2 • • • t)i 4 min {t^ , t> i£+1 } 

3,3 1=1 i 1 ,--,i e+1 =2 

00 / 00 \ / 00 \ 

< const c 2 F p 2 Yl ( (const cfp)^" 1 E &* 2 ' ' - *>u ) ( E min { D n » } ) 

< const c 2 F p 2 (const c F p) £_1 ( XI D ii + E 

£=1 ii>ie+i ii<ie+i 

00 

< const c 2 F p 2 ^2(i — l)t>i < const c^p 2 = ccp 2 

i=2 

when p is small enough. This concludes the induction step in the proof of Theorem 1.20. 

The Infrared Limit 

Define, for each j > 2, i > 1 and ii, • • • , ie+i > 2, the function 

3) 

,ii 



by 

^p(ii) _j_ ^(ii) # ^[max{ii,i 2 },j] # ^_p(i 2 ) _j_ _f/ i2 ) ^ ) • • • • 

.... C [max{i„i. + i},i].( F (i.+i) + L (i£ + i)/)l ( ( , + | )fTl))( ,_| )fT2)5( ^ + | )CT3)5 ^_| )fT4) ) 

J il,i2,*3,*4=0 
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By Proposition II.3.ii 



c u+r, 



h ,«2,i3,*4=0 



((g+|,<Ti),(g-|,<T 2 ),(g' + |,<T 3 ),(g'- |,<r 4 )) 



E E 

£=1 ii,---,i^ + i=2 



•cr 4 ) 



Lemma 11.28 



EE j u p . . 

_ 2 J>max{ii,---,i^ + i} 



= 1 



sup 



,11, 



t (g, g',£,(7i,---o- 4 ) 



< OO 



Proof: By Lemma 11.26. ii, with 5\ = 5 r = 0, and the analogous bound for £^ +1 \ 



sup 

q,q' ,t6IM 

<^e{t,D 



fi S,...,i £+1 (9»9 / »*»°'i» ,,,<7 '4) < const £ (c F p)* +1 i2 •••t) i£ min{t)i 1 ,t)i, +1 } 



£+1. 



uniformly in j. Hence, as in the final part of the proof of Theorem 1.20, 



OO OO 

E E 



sup 



sup 



j ; : _ J>max{ii g,«',*eiM 



OO / OO \ / OO \ 

< const c|p 2 £ ((constc F p)^ _1 y^ D b • • • t>i A ( £ min {°ii > *Vi } ) 

£=1 V i 2 ,-,i£=2 7 V ii,i £+ i=2 ' 

OO of \ 

< const c|p 2 £ (const c F p) f £ + £ J 



< const c 2 F p 2 £(i — l)t>i < cx) 

i=2 



when p is small enough. 



Lemma 11.29 For t ^ 0, the limit 

ZlM,-,h +1 (q, q', t, (7i, • • • <r 4 ) = .lim *» ^i' ' ' ' a4 ) 

exists. The limit is continuous in (q, q', t) for t ^ 0. The restrictions to t = and to 
t = 0, namely, £^i l5 ...,^ +1 (q, q', (to, 0), oi, • • • cr 4 ) and (g, g', (0, t), ai, • • • a 4 ), nave 

continuous extensions to t = 0. 
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Proof: It suffices to consider separately the spin and charge parts, in the sense of Lemma 
II.8, of $l... h+i {q,q'^G U ---G A ). We denote them (q, q', t) with X = S,C. 

The existence and continuity of the limits when t ^ shall be proven in Lemma III. 29. 
Recall that the bubble propagator has momentum space kernel 

U yP^) - [ip -e'(p)][ik -e'(k)] 

where e'(k) = e(k) — v(k). Define the model particle-hole bubble propagators 

/>o (pV (>i) (fc)[1 _ Me(p)Vj(e(k))] 



(11.13) 



sM,jKP>"') — [i Po -e'(p)][ik -e'(k)] 

» ( n u\ - ^ ( - i) (p)^ ( - <) (fc)[l-^(Po)^(fco)] 
Di,j\J>,K) — [ip -e'(p)][iko-e'(k)] 

where 

oo 
m=j 

with v being the single scale cutoff introduced in Definition 1.2. Let 
and 

where is + ^L^. - ±L%{ when X = S and + ^L^/. + %L%{ when X = C. 
By Corollary III. 31 the differences 

and 

both converge to zero for all t ^ 0. The bounds on the |i^^- m ' ) |i m ,i m 's required by Corollary 
III. 31 are provided by (II. 8) with 5 = 0. 

That lim ^ ... (q, q', to) and lim ^ ... (g, t) exist and are continu- 
ous at t = is proven using Lemma B.3 inductively on £, with I = F, the full Fermi surface. 
For the induction step from I — 1 to £, set z = (q, q') and use 

Ul (k, to, z) = K%' +1 \q + §, q - |, * + |, * - |) | t=0 i/fc*> (* + (/^i.u,-,^ ^ *o) 



j 

t^fc, t, z) = (g + §, Q - §, + - |) | fo ^^) (* + t)^^) {k)B?2 1M ,.., u (*, t) 

z = max{i^ + i,i^} 

Also fix some < W < N, and use K = W + ^(K - N") and W = K" + ^tt(K - N"). 
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Proof of Theorem 1.22: By the Lebesgue dominated convergence theorem and the uni- 
form bounds of Lemma 11.28, the existence of the limit lim and its continuity for t 7^ 0, 
as well as the existence and continuity of the limits lim lim and lim lim applied to 

to — > 0j — >oo t — >0j — >oo 

, cr i),(g-|, cr 2),(q , '+5,o-3),(g'-|,(J4)) follow from the corresponding proper- 

*1,*2,*3,M=0 

ties of £^ ... i e (q, q' , t, (Ji, ■ ■ -cr 4 ), for I > 1 and ii, ■ • • , i^+i > 2. These were proven in 
Lemma 11.29. 
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III. Bubbles 



The bulk of this section is devoted to the proof of Theorem 11.19. Parts b and c, 
reformulated as Theorem III. 9, are relatively easy to prove. To do so, we fully decompose 



3 



C [i,j] = j2 J2 ci m ^®ci m2)t (in.i) 



m = i 7Ti 1 ,m 2 €lNo 
min{m-^ , rn 2 } = ' 



3 

and bound each term naively to achieve ordinary power counting. The factor j — i + 1 = ^ 1 

m=i 

in the first statement of part c is a reflection of the marginality of four-legged diagrams in 
naive power counting. When power counting bubbles with propagator \(3\ > 1, the 

3 3 

sum 1 is replaced by ^ M"l /3 l m < const M^^', which is cancelled by the factors M l P]j on 

m=i m=i 

the left hand sides of parts b and c. In the (3 = statement of part b, naive power counting 

3 _. 

gives 

J2 £ M~ (lb ~ H > < const. 

it=i ib>j 

The proof of Theorem II. 19a, which follows Theorem III. 15, relies on two distinct 
phenomena, volume improvement for large transfer momentum and a sign cancellation in 
momentum space for small transfer momentum. The mechanism underlying the sign can- 
cellation has been illustrated in the model Lemma 1.1 and is fully implemented in Theorem 
111.15. 

We now sketch the idea behind volume improvement. To unravel the sector sums 
of the • product of Definition 1.8, we define, for any translation invariant functions K on 
2)| x (H x IR 2 ), K' on (IR x IR 2 ) x 2J|, and bubble propagator P, 

K o P( yi , y 2 , x 3 , x±) = J dx 1 dx 2 K(y 1 , y 2 , xi, x 2 )P{x 1 , x 2 , x 3 , x±) 

P o K'(xi, X 2 , J/3, Va) = J dx^dx^ P(X!, X 2 , X S , X4)K'(X3, X±, J/3, Ua) 

If at least one of yi, y 2 , 2/3, y^ is in (IR x IR 2 ) x E or (IR x IR 2 ) x E' 

K o K'(y u y 2 , y 3 , y 4 ) = J dx x dx 2 K(y 1 , y 2 , x 1 , x 2 )K'(x 1 , x 2 , y 3 , Va) 
On the other hand, if all of fci, k 2 , k 3 , k± are in M, K o K'(ki, k 2 , k%, k^) is determined by 
K o K'(ki, k 2 , ks, k/±) (27i) 3 5(ki — k 2 — k% + k^) = J dx\dx 2 K{k\, k 2 , xi, x 2 ) K'(x±, x 2 , ks, k^) 
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lx 3 _„=0 



or equivalent ly, by 

K o K'(ki, k2, kz, k±) = J dx n K(ki, fc 2 , x±, x 2 ) K'(xi, x 2 , k 3 , k±) \ 
for n E {1,2}. Then, for the functions g and h of the Theorem, 

(g •C [t ' j] • h){y 1 ,y 2 ,y a ,y A ) = E 9(vi,V2,( ■ ,ui),( • ,u 2 )) O C [t ' j] O h(( ■ ,v 1 ),(- ,v 2 ),y 3 ,y 4 ) 



ui ,U2 GSj 



Consider the case in which all external arguments yi, ■ ■ ■ , 1/4 are momenta k\, • ■ • , k±. Then 

(g»C [l ' j] •h){k 1 MMM) 

= {2lFF / d3 P d3k E ^(k 1 -k 2 - P +k)g{k 1 MAp,ui),{k,u 2 ))& ,J \p,k)h(( P ,v 1 ),{k,v 2 )MM) 

v 1 ,v 2 £S i 

("I 3) 

where 

fc) = E E c^\ P )c^\k) 

minfmj , m 2 } = m 

In order for C' z '^(p, fc) to be nonzero, one must have p and in the i th neighbourhood. In 
particular, p and k must lie within a distance C( ^f of the Fermi curve F. Furthermore, by 
conservation of momentum at the vertex g, the "transfer momentum" 



t = k\ — k<i 

is equal to p — k. Thus, the set of pairs (p, k) for which the integrand of (III. 3) does not 
vanish is contained in 

{ (k,p) e (suppC^) 2 \p-k = t] 
For each fixed large t, the volume of 

{ p e supp C^ l) I p - t e supp C^ l) } = supp C ( ^ } n (t + supp C &) ) (III.4) 

is very small compared to the volume of suppC^- 1 ), as the following figure illustrates. 
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In naive power counting, the volume of the set (III. 4) is bounded by the volume of supp c<>o, 
yielding a relatively loose bound. There is a similar volume improvement, when, for example, 
the external arguments y± = (xi,si) and j/2 = (%2, S2) he (K x K 2 ) x and the sectors s± 
and S2 are widely separated. For a more detailed discussion of this volume improvement in 
perturbation theory see [FKLT2] . 

We now give a somewhat more detailed technical outline of the contents of this sec- 
tion. By sector counting and relatively simple propagator estimates, the volume improvement 
effect can be implemented for all summands 

C (m) = £ C^®C^ 1 

m l > m 2 G INq 
min{mi ,7^2}=™- 

of (III.l) for which is small compared to the transfer momentum. Sector counting is made 
precise in Remark HI.12.ii and Lemma C.2. The basic propagator estimates are stated in 
Appendix A and are adapted to the present situation in Lemma III. 14. Lemma III. 11 shows 
how one can combine sector counting and propagator estimates on quantities like g»C^ m ' •h. 
The resulting estimates turn out to be summable over those m's for which -^gW is smaller 
than the transfer momentum. This is used to prove parts (b) and (c) of Theorem 11.19 (which 
are reformulated as Theorem III. 9) and to reduce the statement of part (a) of Theorem 11.19 
to the situation of transfer momentum smaller than [j. 

The situation of small transfer momentum is treated in Theorem III. 15. To estimate 
gmC^'^»h when the transfer momentum is small compared to [j, we replace C^ 1 '^ with a model 
bubble propagator M. with a factorized cutoff similar to that of Lemma 1.1. In Proposition 
III. 27, we use a position space bound on Ai (which is proven in Appendix B) to estimate 
g • M. • h. Propositions III. 19, III. 22 and III. 24 use sector counting and simple propagator 
estimates as above to bound g • (C^'^ — M.) • h. 
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The results Lemma III. 28 through Corollary III. 31, of the final two subsections, are 
used in the proof, in Lemma 11.29, of the existence and continuity properties of the infrared 
limit of ladders. 



Before we implement the program outlined above, we introduce some notation, prove 
some utility Lemmata and reformulate Theorem 11.19 in terms of the new notation. 
Let 

2J = M U (R x IR 2 ) 

be the disjoint union of the set, 1M, of all possible momenta and the set, IR x M 2 , of all 
possible positions. We consider 2J as the special case of the space 2)s of the introduction, 
with the set of sectors E = Eo where Eo contains only a single element, namely all momentum 
space, IM. In particular, as in (1.2), 2J 4 is the disjoint union 

2) 4 = U ?k x ?J l2 x 2J, 3 x 2) M 

il,»2,«3,*4€{0,l} 

where 2)o = M and 2)i = IR x IR 2 . For a translation invariant function / on 2) 4 , we define 

I (0,0,0) 



I H(U,U,Uj 



using the norm | • |^° ^°' ) of Definition 1.14. Concretely, 



YI su p 

fc„eiM 

»1,«2,»3,*4€{0,1| 1^ = 1,2,3,4 
with i u =Q 



(«!,•••, i 4 ) III l,oo 



Here, the u th argument of / is k v when i v = and x v when i v = 1. The ||| • |||i,oo norm of 
Definition 1. 11 is applied to all spatial arguments of /|^ 

Definition III.l We define the bubble operator norm of any translation invariant bubble 

propagator P(xi, x^, £3, X4) by 

IGoPcHlll 



||-P|| bubble = SUp 

G,H |||(j||| HI-" III 

where the sup is over nonzero, translation invariant functions on 2) 4 . 



Lemma III. 2 Let P be a translation invariant bubble propagator. Then 
1 1 -P 1 1 bubble < min 



' 2/1,2/2 

where n = 2 if n = 1 and n = 1 if n = 2. 



I min sup / dy n sup \P(x l , x 2 , yi, 2/2)!, 

L n— 1,2 XljX2 J ys 

min sup / c£r n sup |P(xi, a; 2 , yi, yi)\ } 



49 



Proof: Let cp be the right hand side of the claim. We must prove that 

IIIGoPo^HI < c P \\\G\\\ \\\H\\\ 
for all translation invariant functions, G, H on 2) 4 . It suffices to consider G and H obeying 

G = G \ , . , - x H = H\ /-, , . \ 

1^1,12,1,1) 1(1,1, l 3 , 1a) 

for some ii, i 2 , i 3 , i 4 G {0, 1}. 

First consider the case i\ = i 2 = i 3 = i 4 = 0. By definition 

\GoPoH{k u k 2 ,k 3 ,k 4 )\ 

< J d 3 x 2 d 3 Vl d 3 y 2 \G(k 1 ,k2,0,x 2 )\\P(0,X2,yi,y2)\\H(y 1 ,y 2 ,k 3 ,k 4 )\ 

< \\\G\\\ sup / dy x dy 2 \P(0,x 2 ,y 1 ,y 2 )\ \H(y 1 ,y 2 ,k 3 ,k 4 )\ (III.5) 

X2 J 

< \\\G\\\ sup / dy n [sup |P(0, x 2 ,yx,y 2 ) |] / dz/n |-H"(yi, 2/2, fc 3 , fc 4 )| 

%2 J Vn J 

< \\\G\\\\\\H\\\ sup / dy„ sup |P(0, x 2 , 1/1,2/2)! 

The other bound is achieved in a similar fashion, starting from 
\GoPoH(k 1 ,k 2 ,k 3 ,k 4 )\ 

< J d 3 xid 3 x 2 d 3 y 2 \G(k 1 ,k 2 ,x 1 ,x 2 )\\P(x 1 ,x 2 ,0,y 2 )\\H(0,y 2 ,k 3 ,k 4 )\ 

Now consider the case in which at least one of i\, i 2 , i 3 , i 4 is one. Pick any 
I G {1, 2, 3, 4} with ig = 1. Then, by translation invariance, 

sup sup / I] dy v \G o P o H(y 1 ,y2,y 3 ,y 4 )\ 

ye HiySIM J i/ = l,2,3,4 



yt 

1^=1,2,3,4 with i„=l 

with 1^=0 and v^i 



< sup sup / n dy v Yi dx„ \G(y 1 ,y 2 ,x 1 ,x 2 )P(x 1 ,x 2 ,x 3 ,x 4 )H(x 3 ,x 4 ,y 3 ,y 4 )\ 

ye y„eiM J „=i,2,3,4 i/=l,2,3,4 

1^ = 1,2,3,4 with i„=l 
with i„=0 and i/^£ 

= SU P / 11 ^ II dx » \G(yi,y2, x 1 ,x 2 )P(x 1 , x 2 , x 3 , x 4 )H(x 3 , x 4 ,y 3 ,y 4 ) I 

H^emi J „=i,2,3,4 i/=l,2,3,4 y 

1^ = 1,2,3,4 with i„ = l 

with i„=0 and v^£t 

= sup / n dy„ n ^ | G (2/i, 2/2,0, x 2 )P(0,x 2 ,x 3 , x 4 )H(x 3 ,x 4 ,y 3 ,y 4 ) L=_ Xl 

yveiM J „=i, 2,3,4 i/=l,2,3,4 w 1 

1^ = 1,2,3,4 with i„ = l 
with i„=0 and 

= sup / Yl dx u \G(y 1 ,y 2 ,0,x 2 )P(0,x 2 ,x 3 ,x 4 )H(x 3 ,x 4 ,y 3 ,y 4 )\ 

y v esM J 1^=1,2,3,4 i/=2,3,4 

1^ = 1,2,3,4 with i„ = l 
with 1^=0 

< |||G||| sup sup / f[ dy v J] dx v |P(0, x 2 , x 3 , x 4 )H{x 3 , x 4 , y 3 , 2/4) | (III. 6) 

3/„6IM x 2 J i/=3,4 U=3A 



v = 3,4 with i„=l 

with i^=0 
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< \\\G\\\ sup sup / dx 3 dx 4 \P(0,x 2 ,x 3 ,x 4: )\ / ]J dy v \H(x s ,X4,y3,y4)\ 

VvelM X 2 J J f=3,4 

f=3,4 with i„=l 

with i u — 

For the second equality, we made the change of variables y v — > y v + x\, for each u ^ i 
with i v = 1 and the change of variables x v x u + x\, for each z/ = 2,3,4 and then used 
translation invariance of the three kernels. This replaces u ye = 0" by u ye = —x\ \ For the 
third equality, we made the change of variables xi — > — y£. Now we may continue as in the 

case ii = i2 = h = H = 0. 



Our bubble propagators are typically of the form P = A <g> B l with translation 
invariant propagators A and B. If A is a translation invariant propagator, we write A(y — x) 
in place of A(x,y). With this convention the L^-L 00 norm of Definition 1.11 reduces to the 
L 1 norm \\A\\ L i = j \A(y)\ d 3 y. If P = A®B*, then 

P{x u x 2 , 2/1, y 2 ) = A( yi - x 1 )B(x 2 - 2/2) = X ^ 2 yl 
and, by Lemma III. 2, 

|| * || bubble 

<min{P|Uoo||B|| L i,P|Ui||S|| L =o} (III.7) 

Given any function W(p, k) on M 2 , we associate to it the particle-hole bubble 
propagator 

i<p,xi-yi>„ e i<k,y 2 -x 2 >- 

(III.8) 

i<k,x 1 -y 1 +y 2 -x 2 >- i<t,x 1 -y 1 >- 



W( Xl ,x 2 , yi ,y 2 )= J ( g a W(p, k) e 

= J J^^W(k + t,k)e 



V 



k 

Here k is the loop momentum and t = p — k is the transfer momentum. 

Motivated by the introduction to this section, we often treat small and large transfer 
momenta differently. To isolate a specific set of transfer momenta, we use a function R(t) on 
M that is supported there. 
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Definition III. 3 For any function W(xi, x 2 , yi, J/2) and any function -R(t), with Fourier 
transform R{z), we set 

W R (x 1 ,x 2 ,y 1 ,y 2 ) = J dz W(x 1 ,x 2 ,y 1 - z,y 2 - z)R(z) 

If W(xi, x 2 , yi, 2/2) is associated with W(p, k) as in (III. 8), then Wr(x\, x 2 , 2/1, 2/2) is associated 
with 

W R (p, k) = W(p, k)R(p-k) 

Lemma III. 4 Let A and B be translation invariant propagators and R(t) a function on M. 
Then 

||(A®B%|| bubble < \\R{x)\\ L i nun{P(x)|| L oo||S(x)|| L i,P(a;)|| L i||S(x)|| L oo} 

Proof: By Definition III. 3, 

(A <g> B t ) R (x 1 ,x 2 , yi, y 2 ) = J dz A{y 1 -x\- z)B(x 2 - y 2 + z) R(z) 
By Lemma III. 2, 

\\{A <g> -B*)^ 1 1 bu bbie < min sup dy n sup \(A ® B t ) R (x 1 ,x 2 ,y 1 ,y 2 )\ 

n—1,2 Xl ,x 2 J yn 

We treat n = 1. The other case is similar. 

sup / dy 1 sup\(A®B t ) R (xi,x 2 ,yi,y2)\ < / dy x sup / dz \A(y 1 - z)B(-y 2 - z)R(z)\ 

< \\B(x)\\ L - J d Vl dz \A{ Vl - z)R(z)\ 
= \\B(x)\\ L ~\\A(x)\\ L 4R(z)\\ L i 



Remark III. 5 Define, for any function R(x), the bubble operator 

O r (x u x 2 , yi, y 2 ) = R(y 1 - x 1 )8(x 2 - y 2 + y x - x x ) 
Then, for any bubble propagator W, 

WoO R = W R 



Replacing g by M l\ Sl \ ^\ 2 9 an d h by M j~\s T \ D^fo in Theorem 11.19 reduces consid- 
eration of the norm \g . • h\ [ * u ° A] to a I • I ^ norm. Therefore, we introduce the 
short hand notation 
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Definition III. 6 For / a function on 2) il ^ r , set 

I [0,0,0] 



i/i„„. = ic: 



With the reduction to 5\ = 5 r = 0, indicated above, Theorem 11.19 becomes bounds 
on the I ■ L • norm of quantities like g • • h. For the rest of this section, we fix £ > 1 

I I £ j J 

and consider, more generally, | • \ gr norms with r > j. The | ■ \ gr norm of a function / 
is obtained by fixing all arguments that lie in M and the sectors of all arguments that lie 
in x or (IR x IR 2 ) x E r and taking the ||| • |||i )00 of the result. The transfer 

momentum t is determined by the momenta and sectors of the last two arguments of /. This 
motivates the following 



Definition III.7 



i) Let ^ r = M US r be the disjoint union of the set M of external momenta and the set E ? 
of sectors of scale r. 

ii) Let «i, k 2 G & r - The subset K\ — k 2 of M is defined by 

' {ki — K 2 } if Ki, K 2 G M 

{ Ki — k 2 I k 2 G k 2 } if Ki G M, k 2 G E r 

{ k\ — k 2 I ki G } if «i G S r , k 2 G M 

{ k\ - k 2 | k\ G «i, A; 2 G k 2 } if /ci, k 2 G E r 



ii) Let / be a function on 2)^ r and k\,k 2 G Then 



yi,y2,K 1 ,K 2 , 



I l,oo 



Kl,K2 



V max sup III/L. ■ nn s( 

l i,* 2 e{o,i} if m« 

X; max sup lll/L J ? / 1 ,y 2 ,/ tl ,(x4,K 2 ))||| 

X) max sup |||/L J m ,y 2 ,(x 3 ,Ki),K 2 ) I 



if «i,«2 G M 

if G M, k 2 G E r 

if G E r , k 2 G M 



X) max sup \\\f\, J yi ,y2,(x3^i),(x 4 ,K 2 ))\\\ ifKi,« 2 GS r 

^ »i,* 2 e{o,i} if ij^ff^ 



Here, we use the decomposition of (1.2) and, for v = 1,2, y v = k u if i v = and = (x^, s^) 
if v = 1. 
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Remark III. 8 For a function / on 2)^ r 

< 4{ sup ||/|| fcl>fca + sup ||/|| fei)fT2 + sup 11/11 + sup ||/|| } 

fel,fc 2 eIM ' feiGIM L > z <TiGS r "= cri,<T 2 6lM } 

i 2 eE r fc 2 GIM 

We now state the reformulation of parts (b) and (c) of Theorem 11.19. Recall the 
decomposition 

Mid] _ plij] i Ai,j] i Ai,j] 
u — Kop ^mid U bot 

of the particle-hole bubble propagator C^' with 

i b >j i<ib<3 i<ib^j 

and recall from (II. 1) that 

A = { 5 G JN x JN 2 | 5 < r , S t + S 2 < r e } 

where r e + 3 is the degree of differentiability of the dispersion relation e(k) and ro is the 
number of ko derivatives that we wish to control. 

Theorem III. 9 Let 1 < i < j < r and £ > 1 and let g and h be sectorized, translation 
invariant functions on and 2)i >r respectively. Let 
i) For any (3 G A 

MTmb • W • ^L 1A2 < const \g\^\h\ ir 
llo • C^'A' • h\\ < const h' — i + 11 IgL.I/il. 

IP mid IIki,k 2 — '"' 1 Pl£,il U,r 

and /or any (3 G A wift |/?| > 1 and (/i, //) = (1, 3), (2, 4) 

^jTmh*^ „,c£$ •All < const U, 

MIPU IP mid Ik 1 ,k 2 — Pl£,il u,r 

TTie constant const depends on e(k), M and A, but not on i,£,j,r,g, h, k\ or 
The proof of Theorem III. 9 follows Lemma III. 14. 
Proof of Theorem II. 19b, c (assuming Theorem III. 9): 

As pointed out above, we may assume without loss of generality that 8\ = 5 r = 0. Then 
parts (b) and (c) of Theorem 11.19 follow directly from Remark III. 8 and parts (i) and (ii) of 
Theorem III. 9, with r = j, respectively. ■ 



54 



Definition III. 10 For any subset d C M, let TZ(d) be the set of all functions R(t) that are 
identically one on d. 



Lemma III. 11 Let 1 < i < j and £, r > 1. Let k,i,k 2 G &r <7 awd ^ fre sectorized, 
translation invariant functions on 2)^ and 2)j >r respectively. Let W be a particle-hole bubble 
propagator whose total Fourier transform is of the form 

j 

W(p 1 ,k l ,p 2 ,k 2 ) = Yl W sT}s2 (Pi,k 1 ,p 2 ,k 2 ) if p 2 - k 2 e m- k 2 

m=i si,s 2 6£ m 

with Ws™} 2 (p\, k\,p2, k 2 ) vanishing unless p\,p 2 G s\ and ki, k 2 G s 2 . Then 

j 

i?e^(Ki-K 2 ) 



9 • W • ft|U,« 2 < 81|<7|^|% r J2 J2 ^JP* , II W iri 2 ,i?llbubbie 



m=i s 1 ,s 2 eE m , 

(si -s 2 )n(rei -k 2 )^0 



< &l\g\ u \hkr E E 



m) 1 1 
si,s 2 llbubble 

m=i s 1 ,s 2 £S IT1 

( s l- s 2 ) n ( K l- K 2 )^0 



Proof: Consider the case in which all of the external arguments of g • W • h are 
(position, sector)'s. Fix (external) sectors cr^,a 2 G and call a\ = Ki,cr 2 = k 2 G E r 
and d = o\ — a 2 . With the sector names 



0-[ Ui Vi C r 1 



h 

we have 



m=i »i,»i€Sj 
» 2 .i' 2 es i 

s l > s 2 6 E m 



For each choice of iti, vi, tt2, v 2 , s±, s 2 , by conservation of momentum at the vertex h, 
g((- ,*[),( ■ ,a' 2 ),(- • ,« 2 )) o W s M ° M( • • .«»).( • .^).( ■ ><^)) 

= »(( ■ ,*i)>( • >^)>( • >«i),( • ,« 2 )) O W;^^ O h(( ■ ,v 1 ),(- ,v 2 ),( • lt ri),( • ,a 2 )) 

for all i? G 7?.((i) and the convolution vanishes identically unless (si — S2) n <i 7^ 0. The 
convolution also vanishes identically unless 

u\ n si 7^ si n ui 7^ 
W2 n s 2 7^ «2 n v 2 ^ 
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For each fixed si,S2 there are only 81 quadruples (ui, 112, v\, V2) satisfying these conditions. 
The same is true, by a similar argument, if one or more of the external arguments of g • W • h 
are momenta. Just replace, for example, a[ by {k'}. Hence 

\\g.W. h\\ KuK2 < %l\g\tMi,r E E R ^ {d) iKl^llbubbie 

m=i s 1 ,s 2 es T n 
( S1 -s 2 )nd^0 

The second inequality follows by choosing an R(t) that is identically one on a large enough 
ball. ■ 

Remark III. 12 Let 

i) The set k± — k 2 is contained in a ball of radius 21 r . 

ii) Let m < r. Then, 

#{ 82 ) G E m x E m I ( ai - 8 2 ) n (ki - k 2 ) ^ } < ^ 



iii) The set { t G IR | (to, t) G «i — k 2 for some t G 1R 2 } is contained in an interval of length 

4V2M 

M r ' 

Proof: Part (i) is an immediate consequence of the facts that k± and K2 are each contained 
in a ball of radius \ r . Given any fixed s\ G S m , [s\ — S2) H (k± — K2) 7^ only if S2 intersects 
si — Ki + «2- As si — Ki + K2 is contained in a ball of radius at most 3l m , there are at most 
eight sectors S2 G E m that intersect it. This proves part (ii). Part (iii) follows from the fact 
that, for v = 1, 2, { ko G H | (&o, k) G for some k G IR 2 } is contained in an interval of 
length 



2V2M 
M r ' 



Remark III. 13 Let % : k = (&o,k) ^ k be the projection of M = IR x IR 2 onto its 
second factor. If we retain all of the hypotheses of Lemma III.ll, except that we only require 
Ws™} 2 (j>i, ki,p2, ^2) to vanish unless 7r(pi),7r(p2) G n(si) and n(ki), ir{k2) G 7r(s2), then we 
still have 



3 



r{m) 



\9*W* h\\ RuK2 < SllgU^r E E Renul-^) W W Ls a ,R\\bubbie 



(m) 



< 8 %M/*k r e E IK 7 : 



; s 2 1 1 bubble 

m=i "l. 3 26 E m 

,r ( s l~ s 2) n ' r ( K l" K 2)^0 
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We are particularly interested in the particle-hole bubble propagator 



where 



CM (p, fc) = (p, fc) + (p, fc) + c£? (p, fc) 

c£?(p,*) = E ci mi) (p)ci m2) (^) 

i < m i <j 
7T12 > j 

<&5(p,*) = E C-^)(p)C^)(fc) 

i < m i <j 
i<m,2 <j 

C$£(P,k)= E Ci^\p)C^\k) 



mi >j 
i < m 2 < J 



We split C|op' , C^-j and into scales and we split each scale contribution into pieces with 
additional sector restrictions on the momenta p and k and the transfer momentum p — k. 
Recall, from just before Definition 1.17, that ^ s6Em ^ s (^) * s a partition of unity of the m th 
neighbourhood subordinate to E m . For any scale i < m < j and sectors si, S2 £ E m , set 

C& ) li ,. 1 ,. a (p,*)= E ^ m) (p)x sl (p)^ m2) (^)x S2 (^) 

m 2 >j 

c^Ls^MV = E ^ mi) (p)x Sl (p)ci m2) Wx S2 (fc) 

m i , m 2 < j 
min(7Ttj , rri2 )=m 

4i> 1)S2 (^) = E ^ mi) (p)x sl b)^ m) (^)x S2 (^) 

mi>j 

Then, for each of loc = top, mid, bot 



M \^ \^ C (m) 
loc / / / / loc,j,si,s 2 

m=i si,s 2 eS m 



Lemma III. 14 Let 1 < m < j an<i si, S2 G S m . If 13 e A and (//,//) G {(1, 3), (2, 4)}, tfien 

ll D l,3 C top,j, Sl , S2 llbubble < COnSt l mW M' 

( M m M^\~ 1 ^ %f\p\ > 2 
ll< M ' C S;, Sl Jkbbie < const U J M-(j - m + 1) z/ |0| = 1 

(l if\P\=0 

llD^C^^IIbubbie < const l m ^M^ 
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Proof: Set, for s G E m and n > 1, 



cf l )(fc) = C<»)(fc) X .(fe) (HI.9) 
and denote by cj 1 (x) its Fourier transform. By Lemma A. 2, for all j3 e A, 



||x^4 m) (x)|| Ll < const ikT (1+l/3|)T71 (111.10) 
||4^(x)|| ioo < const^ (III.ll) 
|^4 n) (^) Loo < const [ m M^\-^ n if n > m (111.12) 



Recall that 

\/3 A m ) 



K^j^sM^v^) = Dw-^^-^) -y 2 ) 

Hence, by the triangle inequality and (III. 7), 



llD' 3 r (m) II < V II rM™) II llr( n) ll 

H^l^^topj^i^a llbubble — II s i Hi 1 !! S2 Nl°° 

n>j 

< ^ const M^+l^™^ 

< const ^UM^I™ 
The bound on \\^ 2 ,4^lj, Sl , S2 \\ huhUe is P roven similarly. As 

vt 3 C { ™i J , Sl , S2 (x 1 ,x 2 ,y 1 ,y 2 )= £ ( yi - Xl fc^\ yi - x,) c £>(s 2 - y 2 ) 

m<n<j 

+ (yi-^) f3 c^(yi-x 1 )c^(x 2 -y 2 ) 

m<n<j 

we have 

IItY 3 II < V ll-A^II M n )|l 4- V ll-A^II llr^l 

H^l^midj.si^a llbubble - H s i IIl 1 !! ^ IIl°°^ H °' l " 

m<n<j m<n<j 

< const M ( - 1+ ^ m ^t+ J2 const -&kM^ n M 

m<n<j m<n<j 

< const U £ f^Ml^ 

m<n< j 

To bound ||x^Cs^|| Loo , we used (III. 12). 
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si nl°°n s 2 Ml 1 



Proof of Theorem III.9.i: We prove the bound for . The proof for is virtually 
identical. By Lemma III. 11, Remark III.12.ii and Lemma III. 14, 



Sl , S2 €S m 11 ^ to P.J' s i. s 2llbubble 

< const M IW |^| £ 



< 



Proof of Theorem III.9.ii: By Lemma III.ll, followed by Lemma III. 14 and Remark 
III.12.ii, we have 

j 

\\g*C [ ^}*h\\ < const \g\. \h\. V ^S5i max IIC^J , II, ... 

IP mid \\ki,K2 — \ it \£,i\ \i,r / / l m s S2 gS m " mid,si ,s 2 1 1 bubble 

m=i 

3 

< const \g\. \h\. V 

— \ it \£,i I U,r / / lm 

< const |j-i + l||^|^.|^|. jr 
For > 1 and (//, //') = (1, 3), (2, 4), by Lemma 111.14, 



l^- D f < const \g\,.\h\. max ||Df u ,cS, . .. 

mid IIki,k 2 ~~ \^\£,i\ U,r lm g! g 2 eE m " ^'^ mld >J> s i > s 2 II bubble 



< const VfLM™ M 

< const M l/3|j U 



since, for > 2, 

^ M m M (|/3|-l)j < constM l/3|i 

and, for |/?| = 1, 

Mm U - m + 1) = MJ E M~ {j - m) (j-m+l)< const M J 
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We now start the proof of part (a) of Theorem 11.19. We shall prove, at the end 
of this subsection, the following bound on the small transfer momentum contributions to 
g • &^ • h. 



Theorem 111.15 Let 1 < i < j < r and £ > 1 and let Kl, K2 G i^r • Set d — Ki — K2 and 

denote by d the projection of d onto {0} x IR 2 identified with IR 2 . By Remark III. 12, the set d 
is contained in a disc of radius 2l r . Fix such a disk and denote by r its centre. Furthermore, 
set tq = inf { |£q| | (to,t) G d for some t G IR 2 }. Assume that 

ro < mt=t \t\ < max j^, r\) M l < \jM* 

Also assume that pW vanishes for all i > j + 1. For any sectorized, translation invariant 
functions g and h on 2)^j and 2)i,r respectively, 

\\g.C^.h\\ < const max \g\ [ °' ' aA \h\ [au °' 0] 

|a r | + l«il<3 

The constant const depends on e(k), M and A, but not on i,£,j, r,g, h, K\ or K2- 
Theorem III. 15 is proven following Proposition III. 27. 
Proof of Theorem II. 19a (assuming Theorem III. 15): 

As pointed out above, we may assume without loss of generality that 5\ = 5 r = 0. Fix 
< i,£ < j and sectorized, translation invariant functions g and h on and 2)jj as in 
Theorem 11.19. By Remark III. 8, it suffices to prove that 

\\g.C^.h\\ < const i max \g\ [ ?' '* ] \h\ la l'°' 0] (111.13) 

|a r | + |cq|<3 

for all K\,K2 G .%. Fix k\,K2 G Set <i = «i — ^2 and denote by d the projection 
of <i onto {0} x IR 2 identified with IR 2 . By Remark III. 12, the set d is contained in a 
disc of radius 21 j. We fix such a disk and denote by r its centre. Furthermore, we define 
To = inf { |£o| | (to, t) G d for some t G IR 2 }. Define 

max { n G JN | r < } if < r < M 

jo [ if r > M 

oo if To = 

max { n G JN | |t| < } if < |r| < 1 

/;, = { if |T| > 1 

oo if jr] < j 3 [j 

J = maxjz - ^mimjj'Jo, ji}} 
One of the tools that we use in the proof that Theorem III. 15 implies Theorem II. 19. a is 
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Proposition III. 16 (Large Transfer Momentum) 

\\g • C [3+1J] • h\\ < const \g\ e 

I" llKl,K2 — '■ 1 ' ' 



ll'«ll,J 



Proof: If minlj'jj'o, ji} = j, then j = j and C^ +1 ' J '' = so that there is nothing to prove. 
So we may assume that min-jjo, ji} < j. 

Case 1: j < ji- In this case, \\g • C^ +1 '^ • h\\ ^ = 0, because C^ +1 '^(p 7 k) vanishes unless 
|po|) |&o| < ^f+i and hence unless \pq — feo| < ^fi^F < ^gy < To, while |£o| > to for all t £ d. 

Case 2: j\ < j . In this case |r| > j 3 [j. Let 5p be the constant of Lemma C.2. By Lemma 
C.2.a, with e = 2L, and m < j, 

#{ (.„ S2 ) 6 S m X £„ I ( Sl - S2 ) n d + } < con st J { jk + , .) 

Hence, by Lemma III. 11 and Lemma III. 14, 

||# • C [J+1 ' jl • /i|| Ki)K2 < const \gU,i\h\i,j im #i ( Sl ' s ^ e E m x E m | (si - s 2 ) n ^ } 

m=J"+l 



< const \g\e.,i\h\ itj < 

< const \g\e,i\h\ij 
since, by the definition of j\ , 

i 



E v 7 ^ if |r| > S F 

m=j+l 

j 

1 + 1^1 E (jh + 1 j) otherwise 

m=ji + l 



M S ( + [ i) - |f[(jd?r + i^) < c °nst 

m=j 1 + l 



Continuation of the proof of Theorem II. 19a (assuming Theorem III. 15): 

When M l > IjM 3 = M^ 1_N ^, we have \j — i + 1| < const i. In this case Theorem III. 9, with 

r = j and j = J, gives 

\\q • C^ J ' • h\\ < const i \q\. \h\ . . 
This together with Proposition III. 16 yields (III. 13). Therefore, we may assume that 

M l < ljM J (III. 14) 
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Furthermore, if j = i — 1, = and there is nothing more to prove. So we may also 

assume that j ,j 1 > i and j < j, j , j 1 . 

Set v' = ££2 P (<) • Reca11 that cllJ] = C U ] + C mld + C bot with 

i<i t ^3 i<it<3 H>3 _ 

and set C'M = c£ Jl + C^f + <M with 

As v — v' is supported on the (j+ 2) nd extended neighbourhood, C^V] = Cjj^ . Hence, by 
Theorem III.9.i, with /3 = 0, r = j and j = J, 

IU. rc[i,J] •/ill < const UL . (111.15) 

By (III. 14) and the Definitions of J and C ^l, the hypotheses of Theorem III. 15, with r = j 
and j = J, apply to g • C't 1 '^ • /i. Hence 

L.C'^./ill < const max \g\ [ °'°' aA \h\ [aM 

«rl + l«ll<3 

This together with (III. 15) and Proposition III. 16 yields (III. 13). This completes the proof 
that Theorem III. 15 implies Theorem II. 19. a. ■ 



The rest of this subsection is devoted to the proof of Theorem III. 15. So we fix 
£>1, l<i<j<r and sectorized, translation invariant functions, g and h, on 2)^ and 
respectively. We also fix k\,K2 G & r and assume that 

to<m^t \r\<m^{^j,r%} M* < (111.16) 

and that vanishes for alH > j + 1. 

We shall not need to decompose &^ = C^ ] + C^fj + C l ^ t ] but we still split &^ 
into scales and split each scale contribution into pieces with additional sector restrictions. 
For any scale i < m < j and sectors si, s 2 G S m , set 

= E ^(p) ^c*) 

,m2 >0 
min(m^ ,m,2) = rn. 
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where c/ 1 was defined in (III. 9). Then 

m=i si,S2€S m 

By Lemmas III.4 and III. 14, 

||C^ 25jR ||bubble < COnst l m \\R(x)\\ L i 
\\ C i?,l 2 II bubble < COnst [ m 

Reduction to the Model Bubble Propagator 

The above argument for large transfer momentum implicitly exploited the fact that 
the particle-hole bubble is Holder continuous in the transfer momentum t when t is nonzero. 
As was pointed out in the introduction, this is false for t = 0. However, if one restricts to 
transfer momenta with to = then, at least for the delta function interaction, C°° dispersion 
relation and a model propagator with suitable cutoff procedure, the particle-hole bubble is 
in fact C°° for t near zero. This was seen in Lemma 1.1. 

Lemma 1.1 applied to the particle-hole bubble with a delta function interaction and 
choice of cutoff different from that used in this paper. In the present situation, we have 
general interaction kernels g and h rather than delta functions and cutoffs that do not treat 
ko and e(k) independently. Furthermore, the time component to of the transfer momentum 
need not be zero. We now perform three reduction steps leading to a situation similar to that 
of Lemma 1.1. 

Step 1 (Decoupling of the ko integral.) 

Define the zero component localization operator 

Z(x 1 ,x 2 , yi, y 2 ) = 5(x! - yi)5(x 2 - y 2 )%i, - 2/2,0) (111.18) 

where Xi = (a^cXj) and yi = (yi,o,yi)- The transpose of this operator has kernel 

Z t (x 1 , x 2 , yi, y 2 ) = S(xi - yi)8(x 2 - y 2 )5(x lfi - x 2j0 ) 



(111.17) 



Remark III. 17 If W(xi, x 2 , y±, y 2 ) is a particle-hole propagator 

[Z o W o Z l ) {x u x 2 , yi, y 2 ) =W(x u (>i, , x 2 ), y ly (y lj0 , y 2 )) 
If W{x\, x 2 , yi, y 2 ) is associated to W{p, k) as in (III. 8), then 

(ZoWoZ t )(x 1 ,x 2 ,y 1 ,y 2 ) = J e ^-^+^-^e l<t ^-y^- J dk W(k + t,k) 

That is, (Z o W o Z*) is associated to S(k ) f duo W((u, 0) +p, (u, k)). 
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Lemma III. 18 Let W be a particle-hole bubble propagator. 

i) Let R(t) be any cutoff function for the transfer momentum. Then, 

(ZoWoZ t ) R = ZoWroZ* 

ii) For any translation invariant kernels G on 2) 2 x (IR x IR 2 ) 2 and H on (JR x IR 2 ) 2 x 2) 2 , 

IIIGoZHI < |||G||| and |||Z* o H\\\ < \\\H\\\ 

Hi) 

\\Z °W\\ huhh i e < || W|| bubble and \\ W O Z* ||bubble < ll^Hbubble 

iv) 

\\Zo WoZ*|| bubb i e < mini min sup / dy n dy lj0 sup | W(x u (x lj0 , x 2 ), yi, (y lj0 , y 2 )) |, 

n— 1 ' 2 a;i,K 2 J 



min sup / rfx n ^i )0 sup |W(xi, (xi )0 , x 2 ), yi, (yi,o, Y2)) | } 
n - 1 ' 2 yi,V2 J x r - t J 

where n = 2 if n = 1 and n = 1 if n = 2. 

Proof: i) This is obvious from Remark III. 5, since Z l o Or = Or o Z l . 

ii) This is obvious since 

(Go Z)( ■ , • ,x 3 ,X4) = S(x 3fi -x 4 ,o) y duo G( ■ , ■ ,x 3 , (w,x 4 )) 
(Z l oH)(x!,X2, ■ , • ) = 5(xi,o ~X2,o) J du H(x!, (cu,x 2 ), • , • ) 

iii) By part (ii), for any translation invariant G, H 

\\\GoZoWoH\\\ < \\\GoZ\\\ H^Hbubble |||if||| < |||G||| ||W||bubble lll^lll 

and similarly for \\\G oWoZ t o H\\\. 

iv) The bounds with n = 1, n = 2 are direct consequences of Remark III. 17 and Lemma III. 2. 
We prove 

\\Zo WoZ^lbubbie < sup / dy2dyi, sup|W(xi,(xi i0 ,x 2 ),yi,(yi,o,y2))| 

xi,X2 J yi 
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The remaining case is similar. Let G(y\, y 2l u\, u 2 ) and H(v\,v 2 , 2/3, 2/4) be translation invari- 
ant four-legged kernels obeying 



G = G\ 



(ii,i 2 ,l,l) 



H = H 



(1,1,*3,«4) 



for some h, i 2 , 13, 14 G {0, 1}. By (III. 5) and (III. 6), with P replaced by Z o W o Z f , 

\\\GoZo W oZ l oH\\\ 
< 



< 



< 



sup sup / ]1 dy v dv x dv 2 \W(ui, (iti,o,u 2 ), vi, (vi, Q ,v 2 ))H(v 1 ,v 2 , 2/3, vd\ 

IvSTM m,U 2 J "=3,4 
^=3,4 with i„=l 

th i„=0 

sup sup / dvi^dv 2 \ sup |W(wi, (wi,o, u 2 ), vi, (^1,0, v 2 ))| 

l/=3,4 
with ij^—O 

J YldVu dv 2 , dv 1 1^(^1,^2,2/3,2/4) I } 

with ■ijy— 1 

lp dv ljQ dv 2 sup|W(tii,(tii ) o,U2),ui,(ui,o,v 2 ))| 

,-"2 J Vi - 1 

sup sup / f[ dy v dv 2 ,odv 1 \H(v 1 ,v 2 ,y 3 ,y 4 )\ 

Jv eTM Vl ,V 2 J v=Z,4 



sup 



i/=3,4 
with i„=0 



with i v =\ 



By translation invariance 



with ?' w = 1 



SUp / f[ ^ ^2,0^Vi|iy(ui,V 2 ,2/3,2/4)| 
1,0, V2 J ! '= 3 ' 4 

= sup / J] dy v dv 2 |-H"((vi,o,v 2 ),(v2,o,vi),2/3,2/4)| 

Ul J i/=3,4 

with ijy— 1 

= sup / n dy v dv 2 \H(yi, (v 2 ,o,2vi - v 2 ), 2/3, 2/4) | 

"1 J i/=3,4 

with ijy — 1 

= sup / n dy„ ^2 |-H"(vi,v 2 ,2/3,2/4)| < lll^lll 

"1 J i/=3,4 



with 



Proposition III. 19 



g • (C^ - Z • C^'l • Z*) • /ill < const max \g$f M \h\\ a l>°> 0] 

a 1 + o, r = (l,0,0) 



65 



In preparation for the proof, which follows Lemma 111.21, we define 

g r ((x 1 ,a' 1 ),(x 2 ,a 2 ),(x 3 ,u 1 ),(x4,u 2 )) = (#4,0 _ x 3,0)g( Oi ) . ( x 2 ,v' 2 ) . ( x 3 ,ui ) , ( x 4 ,u 2 )) 
h\((x 1 ,v 1 ),(x 2 ,v 2 ),(x 3 ,a 1 ),(x 4 ,,a 2 )) = (x 2} — Xl,o)h({x 1 ,v 1 ),(x 2 ,v 2 ),(x 3 ,a 1 ),(x 4 ,,cr 2 )) 

For a particle-hole bubble propagator W(x\, x 2 , Hi, 2/2) set 

(D l W)(x 1 ,x 2 ,yi,y2) = / du §^(xi, (W 2 ,o + (1 - w)xi,o J x 2 ), 2/1, y 2 ) 

«/ 

(AW)(>i,£ 2 ,z/i,z/ 2 ) = / ^^(^1,^2, 2/i,(>2/2,o + (1 -w)l/i,o J y2)) 

t' 



Lemma 111.20 

g»(W- ZWZ 1 ) •h = g Y » D\W •h+goZ^ D r W • hi 



Proof: By Remark III. 17, 
g»(W- ZWZ 1 ) mh = g» {W(x u x 2 , 2/1, 2/2) -W(x u (x lj0 , x 2 ), y u (y lfi , y 2 )) } • h 

= g " * [ ^o-n.o t^ 1 ' 12 '^'^ ~ W(xi, (^i,o,x 2 ),yi,z/ 2 )}] • /i 
+ g • [{W(x 1 , (x lfi , x 2 ), y u y 2 ) -W(x u (x lfi , x 2 ), y u (y 1>0 , y 2 )) 
= r • AW • /l + # O z • AW • h\ 

by the Fundamental Theorem of Calculus. 



Lemma III. 21 Let i < m < j and si, s 2 G S m . T7ien 

II AC^] 2 1| bubble < const ^ 
II AC^] 2 1 1 bubble < const ^ 

Proof: We treat AC£] 2 . The other case is similar. For each fixed < u> < 1 
(fc C ^ 2 ) (^2,0 + (1 - w)xi, , x 2 ),yi, 2/2) 

= E C^^( yi -x 1 )(|^c(7 2 ))((^ 2 ,o + (l-.)x 1 , - y2 ,o ) x 2 - y2 )) 

, ??X2 > 
min{?7Tj , ?7i 2 } = m 
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We bound the bubble norm of each term separately. For mi > = m, by Lemma III. 2, 



r (™i) ( 9 r (m 2 ) 

s l V 9x 2 ,o s 2 



bubble 



^ ll^ SUp dy 2 (L47 2 ))((^ 2 , + (l-^)x 1 ,o-?/ 2 ,o,x 2 -y 2 )) 



= \\A mi ^\\ 

II si IIl°° 



9 r (m 2 ) 

9X2,0^52 



L 1 



< const 



'"i I M m2 < const lm 



by parts (iii) and (iv) of Lemma A. 2. For m = mi < m 2 



s l \ 9X2,0 s 2 



) 



< 



bubble 



9 c {m 2 ) 

9X2.0 s 2 



| r ( m i)|| < mnst M 



mi 



Hence 



oo 

HACgjbubbie < const [jfc + 



M 2 ' 



-M 7 



< const 



Proof of Proposition 111.19: By Lemma 111.20 followed by Remark III.13W 
\\gm (C [i > j] - Z • C [i ' j] • Z*) •/ill 

< \\g T • DiC [i ' j] • h\\ + \\g o Z • D r C [hj] • h\\ 



lKi,K2 1 1 NK 1 ,«2 



< const I^I^X) 5^ llWg 



s 2 1 1 bubble 



+ const |<7 °i%Nv-£ ^ ||ACg 



r si,S2 1 1 bubble 



»(n -s 2 )n5r(d)^0 



By the spatial projection of Remark III.12.ii, 

#{ (si, s 2 ) G E m x E m I tt( Si - s 2 ) n a-(d) ^ } < ^ (111.19) 
Using this, Lemma III. 21, Lemma III.18.ii and the definitions of g r , h\, we have 
\\g • (C [i ' j] - Z • C [i ' j] • Z l ) • h\\ 



,«2 



< const Wl^^lftk, £ ife + const W^lg""^ £ U 



m=i 



( x ) The operators D\,D V can enlarge supports in the fco direction. So we cannot apply Lemma III. 11 
directly. 
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Step 2 (Reduction to to = 0.) 

For any particle-hole bubble propagator W(x\, x%, yi, J/2) set 

W(x 1 ,x 2 ,yi,y2) = <%i,o -xi,o) J dz Q W(x 1 , (xi >0 ,x 2 ), (zo,yi), fay*)) (111.20) 

If W(a;i, x 2 , yi, y 2 ) is associated to W(p,k) as in (III. 8), then W(xi, x 2l j/i, J/2) is associated 
to 

W(p, fc) = <?(fc ) y W((u;, p), (a;, k)) 
By Remark III. 17, W = Z o W o Z 1 for all particle-hole bubble propagators W. 

Proposition 111.22 

\\g m(Zm C [l > j] • Z* - C 1 ^ 1 ) • h\\ Ki ^ < const \g\s>^h\^ r 



Proof: Choose a Cq° function <p(to) that takes values in [0, 1], is supported in the interval 
|*o I < 2 M+ -^ M , is identically one for \t \ < M+ ^f M and obeys \ ^(j>(to)\ < const ikP n for 
n < 2. By Remark III.12.iii, 

" _ 1 4V2M 



{ |t | I (*o>t) G d for some t G 1R 2 } C 
Hence, by (111.16), (p is in 11(d). By Remark 111.13 and (111.19), 
\\g • (Z o C li ' j] o Z* - CPA) • h\\ 

II V /II K\ , 



Mi 



,K 2 

3 



< const \g\ti\h\i r t~ max \\Z o C { ™\ , o - (C<"1 ).|L ... 

— 1 ? / / l m a^/z^ II Si,S2,0 V s ii s 2/0llbubble 

Here, we used (Z o W o Z l ) R = Z o Wr o Z*, which was proven in Lemma III. 18. i. The 
proposition follows from the next Lemma. 



Lemma III. 23 Let m < j and si, s 2 G S m . Then 

llZoC^l s oZ l - (Ci m l ),\\, ... < const I 

II si,S2,<p V si, S2/ 011 bubble — 
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Proof: For any mi,m 2 > 0, set 

= Z o (c^ ® c<™ 2) *) o Z* - Z o (c^ ® c^ 2) *) o Z l 

Observe that 



m i n { rn i , m o} = m 



We now fix any 777-1,777-2 > with min{mi, 7772} = m and bound || M / ( j ) mi ' m2 ' > || bubble • By 
definition 

= c^\ yi - Xl )c^ (Ko - Vl ,o, x 2 - y 2 )) 

-<%i,o-^i,o) y rfw c^ l) ((u-xi >0 ,yi -xi))c^ 2) ((xi i0 -u,x 2 - y 2 )) 

and 

W(— 2) (^^2,2/1,2/2) 

= y cfe 0(^o) C^ l) ((yi,o-x 1 , -2o,yi-x 1 ))c^ 2:) ((x 1 ,o-yi,o+2o,x 2 -y 2 )) 

- £(2/1,0 - &1,0 - ^0) y C^ l) ((i t -x 1 ,o,yi-x 1 ))4^ 2) ((x 1 , -u,x 2 -y 2 ))J 
= y C^O C^ 1 ^((j/i, o -a;i,o-2o,yi-xi))c^ 2 ^((a;i,o-J/i,o+2o,X2-y2))0(2o) 

-y^W 4 ? i rei) ((u-x 1 ,o,yi-x 1 ))c^ 2) ((x 1 ,o-u,x 2 -y 2 ))^(y 1 ,o-x 1 ,o) 
= J dz C^ l) (( 2o -^i,o,yi-xi))4^ 2:) ((x 1 ,„- 2 o,x 2 -y 2 )) [0(^,0-20) - 0(?/i,o-a;i,o)] 

The last factor 

0(2/i,o - zo) ~ }(yi,o - xi t o) = (xi >0 - zo) / d* 0' (2/1,0 - &i,o + t(x lt0 - z )) 

Jo 

Observe that 



y dyi t o y dt \<j/ (yi t o - xi t o + t(xi t0 - zq))\ = J dy lj0 \<j>'(yi, )\ < 



const 
Mi 



since 

1/M 2j 



|^(a/i,o)| < const [1+ly [ o/Mjl] , 
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If m 2 > mi = to, we apply Lemma III.18.iv^ 2 \ (III. 11) and (III. 10), giving 



|^(mi,m 2 



1 1 bubble 

< const sup / dyi sup / dzo \xi t o — zq\ 

\c^\( Z0 - Xl , , yi - Xl ))\ |c^)( (:Bl ,o-,o,x 2 -y 2 ))| 

/ dt \(f>' (yi,o-xi, +t(x l!0 -z )) | 
^0 

< const ||47 2) || Loo sup / dyi^o |xi, - zo||c£™ l) ((*o-asi,o,yi-xi))| 

xi J 

J dy lfi J dt\4>'( 
sup / dytdzo \xi y0 - zollc^ ((z -x lt0 , yi - Xl ))\ 

Xl J 



< const 



1 [m 



const -^j M m 2 H^oc^ 1 ^(^)|| 



L 1 



— cuirsi Mi Mm2 -IV-t 



Similarly, if mi > m 2 = to, 

|||y(mi,m 2 ) || 



1 1 bubble 

< const sup / dyifidy2 sup / cfoo |^i,o — -^o I 

x 1 ,x 2 J yi 



|c£* l) ((*„-*l,0,yi-xi))| |47 2) ((x li0 -zo,x 2 -y 2 ) 
/ |0'( 

Jo 

< const ^Hcir^lLoo sup / dy 2 d^o ki,o-^o||4T 2) (( !B i.o-*o,x 2 -y 2 ))| 

Xl,(),X 2 J 



< mnst — ^s— M 2m 



Consequently, by (111.21), 

||^ oCS 2) ,o^-(CS 2 ),|| bubble < const £ ^^-inj^,^} 



m l > m 2 — 
min{mj > ^ 2 } = 771 



< cons t Mf^r V 

- COUbl Mi lm M m ' 



m'>m 



< const ^j- [ m 



( 2 ) Note that in the bound on the right hand side of Lemma III.18.iv, W only appears in the form 
W(xi, (xi i o,X2),j/i, (2/1,0, Y2)) = (-Zo W o Z t ){xi,x 2 ,yi,y2)- 
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Step 3 (Introduction of Factorized Cutoff.) 
Define 

v Q {u)= v{M 2m u 2 ) 

m=i+l 

oo oo 

, 1 (p,k)=[ J2 -(M 2 -e(p) 2 )] : J2 -(^e(k) 2 ) 

rr»i=i+l m2=i+l 

where v is the single scale cutoff introduced in Definition 1.2. Recall that z/(x) is identically 
one on [-^,M] and is supported on [--j,2M]. Define 

e'(fc) = e(k) - v(k) 

and the model particle-hole bubble propagator 

M(p,k) = iflfe) [ to ^(-K(p.k) (IIL22) 

Observe that Z o M o Z* = M. 
Proposition III. 24 

\\g • (C 1 ^ 1 - X) • < const |^|^|/ik r 



Proof: The cutoff z/ (^)^i(p, k) is supported on |(o;,p, k) |u;|, |e(p)|, |e(k)| < \p^j^- 
Since v^ m \k) vanishes for all \ik — e(k)| < — =-^4=,- when m < i — 1 

Z/ (^M(p,k) = ]T ^W^l(p,k)^( mi )((-,p))^ (m2) ((-,k)) 

mi ,m2>i 

if M is large enough. Since every /c in the support of h>^ m \k) obeys \iko — e(k)| < \/2M M j- +1 
for all m > j + 1 and since z/ (w) is supported on |oj| > V^M -j^j 

!/ (o;)i/i(p,k) = £ z/ (-)^i(p,k)z/( mi) ((-.p))^ (m2) ((-,k)) 

i<min{mi,m2}<i 



Recall that 



C^(p, fc) = <W 1 da;C^']((o;,p),(a;,k)) 



= 5(/cq) y du - — 



[iu— e'(u,p)] [iu— e'(u>,k)] 
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The difference of cutoff functions 



= E E /* (mi>ma) (w,k, P ) 

T?l — i rn 1 ,m 2 >l 

min{m^ , m 2 } = 771 

where 

/i (miima) (w,k )P ) = [l-z/o(-)^i(p,k)]z/^)(( c , ) p))z/( m2 )(( t .,k)) 
Define, for i < m < j, mi, m2 > m and si, S2 £ S m 

VZ'^M = 5(/c o )0(po)A-^(P,k) 

where 

Am^^u. , ^ (mi|T " a) (^k > p) X8l (0 > p)x a3 (0,k) 
S1 ' S2 ^ k )-J auJ [iu,-e'(u;,p)][iu;-e'(u;,k)] 

and (j) was defined at the beginning of the proof of Proposition 111.22. Define 



2>£i a (p>*)= E ^rw) ( IIL23 ) 



minjmi , m-2 J-^ 7 ™ 



As 0(po) = 1 for all |p | < M ^ M , 

Observe that the kernels of .M and T>^ S2 (p, k) each contain a factor of <5(fco). Hence, 

in the product g • — M. — J2 J m=i T^s^s 2 ) • h, h is restricted to fco = 0, so that po = to, 

where t is the transfer momentum. But t G d, so that, by Remark III. 12 and (III. 16), 
|*o | < r + < M± m^ E - Hence, by Remark 111.13 and (111.19), 



|U • (C^'fi - M) • h\\ < const \gUi\h\ir V r- max ||X>(" 
The Proposition follows from Lemma III. 25 below. 



m) I 

«2 1 1 bubble 
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Lemma III. 25 Let i < m < j and si,s 2 € E m . Then 



m) 



\ m if m = i,i + 1 



Proof: Fix any mi, m 2 with min{mi, 7712} = m. If u is in the support of n < - mi,rn2 \uj, k, p) 
for some k, p then \ou\ < Mma c x °'^,m 2 } ■ In the case when m > i + 1, \uj\ is restricted even 
farther. Then, in the support of ^ (mi ' m2) (w, k, p), both \iu - e(p)| < < -^§1 and 

|zcj - e(k)| < < -^§1 and hence |w|, |e(p)|, |e(k)| < But z^(p,k) = 1 whenever 

e(p)|, |e(k)| < ■ W rrj2 - Hence on the support of /j( mi ' m2 )(w,k,p), |w| < ^| and^w) ^ 1. 

ri.' r I. .1 ^ a/2 / 1 o„^ 



This forces \u\ < MJ ^ 1/2 < M3 -l 3 /4 • Set 

const if m — j j _i_ 1 

mm { Mi" 3 / 4 ' M ma *°™i. m 2> } if ^Tl > * + 2 



6(mi, m 2 ) 

Thus 



A mi,m 2 / kl = / Kmi ' m2) du ^^)^,k,p) Xsi ( P ) Xs2 (k) 

S1 ' S2 lP ' J J- b{mi ,m 2) [ico-e'(u,p)][iu-e'(u,k)] 
By Lemma A. 3, the Fourier transform of A™ 1 ^™ 2 (p, k) obeys 

/ dzisuplA^^z^za)! < const 6(mi,m 2 ) l 2 m f^- 

J z 2 mi 

[ dzasuplA^^z^za)! < const b{m u m 2 ) l 2 m ^- 

J zi m2 

As the particle-hole bubble propagator associated to T>^™) S2 (p, k) by (III. 8), namely 

V™]£ 2 {x u x 2 , ivi, V2) = 0(2/i,o - ^i,o)A^ 2 ( Yl - Xl , x 2 - y 2 ), 
is independent of x 2 ,o and y 2) o, Z o V™ 1 '™ 2 o Z l = V™ 1 '™ 2 and we have, by Lemma III.18.iv, 

ll^rilbubble < const min{ sup [ d Vl sup |0(y 1>o - Xi,o)A™^ 2 (yi - xi, x 2 - y 2 ) |, 

Xl,X2 J Y2 

sup / dy hO dy 2 sup\0(y hO - x h0 )A™ 1 ;™ 2 (y 1 -x l5 x 2 -y 2 )|j 

3:1,2:2 </ yi J 

< const min{ J d Zl sup |A™(zi, z 2 )|, J dz 2 sup | A™ (z 1? z 2 ) | } 

< const 6(mi, tt^K™ min { ^ 1 , Y 2 j 
= const 6(mi, m 2 )l m M m 
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If m G {i, i + 1} 



l"D (m) I < \W mi ' m2 \\u kki < const 1 , [ M m < const [ 

I s l. s 2llbubble - H^S1,S2 llbubble ^ COIlbl ^ rl m JVi ^ COIlbl l r 

min{mi,m2}=m m'>m 



and if m > z + 2 



l"D (m) II < ll"D mi ' m2 IL KKi 

I ^si, s 2 || bubble - H^ai,S2 1 1 bubble 

min{mi ,m,2}=m 

j 

< const Wr l ™M m + const ]T ^l m M' 

m'=m m'>j 

< const (j-m + l)^[ m 



Model Propagator in Position Space 



Lemma III. 26 TTie set d = { pi — p 2 | pi G Ki, p 2 G «2 } is contained in a rectangle with 
two sides of length const lj and two sides 0/ length const . 

Proof: For every sector a G S r , let k CT be the centre of a fl F, t CT a unit tangent vector to 
F at and 

a = { k G IR 2 j (/c ,k) G £7 for some A; G IR } 

Then a" is contained in a rectangle it^ centered at k^ with two sides parallel to tcr of length 
const l r and two sides perpendicular to i a of length const j^r. If at least one of K\ and K2 
are in IM, the claim follows since j < r. So assume that ^1,^2 G S r . Then the distance 
between k Kl and k K2 is at most |r| + 51 r and therefore the angle between t Kl and t K2 is at 
most const (|r| + l r ). Consequently d is contained in a rectangle with two sides parallel to 
t Kl of length const [ r and two sides perpendicular to t Kl of length 

const (j^ + (|t| + t r )l r ) < const + |r|[ r ) 

By (III. 16), |t| < max{-^j, r 3 [ r }, so that |r|[ r < const -^j. ■ 

Fix two mutually perpendicular unit vector t and n and a rectangle R, with two 
sides parallel to t of length const lj and two sides parallel to n of length const -^j, such that 
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d C R. By Lemma III. 26, such a rectangle exists. Let p(t) be identically one on R, be 
supported on a set of area twice that of R and obey 



< const M aij -^r 



(n-a t ) ai (t-a t ) a V(t) 

3 

for all ol\i 0.2 < 2. Define Ai p as in Definition III. 3. Then 

\\g.M»h\\ =\\g»M p »h\\ (111.24) 



Proposition III. 27 



\q • M. • h\\ < const max I q\ ^'°' a ^ \h\ [ ai ' '°] 

l«rl + |ail<3 



Proof: Write 

M p (p,k)= Yl M si,s 2 (p,k) 

where, for s\, s% G Sj 

-M Sl)S2 (P, fc) = M(p, k)p(p - k) Xsi (p)Xs 2 (k) 

By (IIL19), 

b*M p *h\\ KuK2 < b mM si,s 2 *h\\ Kii 



K.2 



(111.25) 

< £21121 max |U«.M SlS2 «/i|| 



Define, for i>i,i>2 G Ej, 



^,^2(^1^2,2/3,2/4) = h((x 1 ,v l ), (x2,v 2 ),y 3 ,y4) where ^ = I ^ 2 , ! f 2 ^ 

Observe that /v,-^ is a function on (1R x M 2 ) 2+nr where n T = #{ v G {1,2} | k v G E r }. 
Also define, for W3, W4 G Sj and Ai, A2 G M UE^, 

(2/1,2/2,^3,^4) = #(2/1,2/2, (x 3t u 3 ), (x 4 ,u 4 )) where ^ = | ^ ifA^GE r 
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Observe that g\ 1 ,x 2 ; U3 ,u 4 is a function on (IRxIR 2 ) 1 where m = #{ v G {1,2} | A„ G E £ }. 
Then, for all si, S2 G 

||^«M S1)S2 •^L ljK2 < SUp |||^Ai,A 2 ;«3,«4 °-M«i,- 2 ° ^i,« 2 |||i )00 (IH.26) 

Ai,A 2 „ 3i „ 4es . 

By conservation of momentum, the convolution <7Ai,a 2 ;u 3 ,w4 o M. Sl ,s 2 o h VljV2 vanishes iden- 
tically unless 

U3 n si 7^ si n ui 7^ 

« 4 ns 2 ^t) «2 n v 2 ^ 

There only 3 4 quadruples (fX3, «4, vi, ^2) satisfying these conditions, so that, by (III. 24), 
(111.25) and (111.26), 

\\g • M • h\\ K1 „ < const f sup max II^a^,^ ° -M Sl , S2 o /i „ 2 1|| (111.27) 

Ai ,A 2 A ^t- 

Fix Ai, A2, si, S2, W3, W4, i>i, f2 and denote = <7Ai,a 2 ;u 3 ,u4 an d fa' = h VljV2 . Write the convo- 
lution 

g'oM SuS2 oh' = J e «<P.-i-»i>-e«<*.i«-«i>- «/(., 

r/T v ^o(^)^i(P,k)x Sl (p)x S2 (k) 

<5(^o)t: 77 777: 77 — rrrP P-k /i (2/1,2/2, •, •) 

[zu; — e'{uj, p)\[iu> — e'{u!, k)j 

— e'(u;, p)J^cu — e'(u, k)J v 7 

= 1 d^^^^^g e .t.(. 1 -y 1 ) et k.( Bl -. 2 +y 2 -y 1 ) ^/ ( . ? 

^o(o;)^i(k + 1, k)x ai (k + t)x 8a (k) , , 

[zo; — e'(o>, k + t)J [zu; — e'(o;, k)J 

= y d 3 z 1 d 3 z 2 d 2 y 1 d 3 y 2 g'(- , -,z 1 ,z 2 ) B Sl jS2 (zi , z 2 , yi , y 2 ) ft'((2i,o,yi),I/2, •, •) 

where 

S Sl , S2 ( Zl ,Z2,yi,y 2 ) = y ^ e^^-^^^^zx-za+yz-yi)^) 

with 

i/oM^i (k + t, k)x Sl (k + t)xs 2 (k) 
Sl ' S2l,WJ ~7 (27r) 2 27r e [zw-e'(w,k + t)][^-e'(u;,k)] 
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Recall that M l < tjM j and that = for % > j + 1. By Theorem B.2, with u(k,t) = 
e lk ' w z/!(k + t, k)x Sl (k + t)% S2 (k), there is an a > 1 such that 

IS fzi zo vi vol I < const ^ l+|z2-Zi+ yi -y 2 | 3 /M 3i 

|-D Sl , S2 lzi,z 2 ,yi,y 2 ;| v const MJ [1+(n . (zi _ yi)/Mj)3/ 2 ][1+ | [jt . (zi _ yi) | a] 
Since sup,, f <i 2 Vi -hrrm — ? \ tttttttttm nr-r? ttttt < const , we have 

fz 1 J J i [l + (n-(z 1 -y 1 )/MJ) 3 / 2 ][l + |[ j t-(z 1 -y 1 )| a ] — ' 

\\\ 9 'oM 8l , 82 ofc'll < constl, max l^l^'VlJ; 1 ' ' 01 (m.28) 

|a r | + |cq|<3 

and the Proposition follows by (III. 27). ■ 

Proof of Theorem 111.15: By Propositions 111.19, 111.22, 111.24 and 111.27 
\\g • C [iJ] • h\\ 

< - Z • C [l ' j] • Z*) K2 + \\g» (ZmC [i ' j] •Z t -C [i ' j] ) mh\\ ^ 
+ \\g.(^-M).h\\^ Ko + \\g.M 

< const max \g 

a r , ai eIN XIN 2 
|a r | + l«ll<3 

as desired. 



lKl,K2 M ^ "Kl,K2 



[0,0,ar]|j,|[ai,0,0] 

Li 



The Infrared Limit — Nonzero Transfer Momentum 

Lemma 111.28 Let k\,k,2 G M and g and h be sectorized, translation invariant functions on 
2)fv and 2)^ x M 2 , respectively. Then 

\\g.C^.h\\ 

Ki,fs 2 < const ||^IUi,k 2 I V^i + mm {l> | Ki -k 2 |mj } } 
Furthermore, for (loc, /U, //) G { (top, 1, 3), (bot, 2, 4), (mid, 1, 3), (mid, 2, 4) } and (3 G A, 

lb • ^4oc 1 • h\\ KltKa < const \\h\\ Kl , K2 MW{y/r j + min {l )R ^}} 
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Proof: Write <#> = E J>ail . a + C%, Sl , 82 + C^ 8l J . As in Lemma Hi ll, 

Sl,S2€Sj 



lb • d;,^',:; 7: • h\\ K1 , K2 < const i^- ii/.iu 1)K2 Yl \KA, 8 



By Lemma 111.14, for (loc, //,//') G {(top, 1,3), (bot,2,4), (mid, 1,3), (mid, 2, 4)} and /3 G A, 

I l^/i.Ai'^oc.j.ai, aall bubble - consll J 1V1 

and by Lemma C.2, 

#{ ( Sl ,s 2 ) | ki -« 2 G si -s 2 } < const {-^= + ^-min{l, , Ki _* 2 | Mj }} 

so that the desired bounds follow. ■ 

Recall, from just before Lemma 11.28, that 

( _|_ £00 ■f ) • (j[max{ii,i 2 },j] # ^ _p(i 2 ) _j_ £(i 2 ) /),... 

..., C [max{i, I i, +1 },j] - ( F (i, +1 ) + L (i £+1 )/)l ( (q+ i )fTl))( ,_i )fT2)5( ^ + i )CT 3 )5( ^_i )fT4) ) 

-I *1,»2,*3,*4=0 

Lemma III. 29 For t 7^ 0, £/ie ^zrnzt 

£/,ii,-,i<+i (?> t, 0-1, • • • 0-4) = Jim (?> *> ai ' " ' a4 ) 

exists. The limit is continuous in (q, q', t) for t 7^ 0. 

Proof: It suffices to consider separately the spin and charge parts, in the sense of Lemma 
II.8, of fi^ li ... >i<+1 (?,9 / ,*,<Ti,... < 7 4 ). We denote them fi^^...^ (q, q', t) with X = S,C. 
Define ixji.-j^?, q', t) to be the X part of 

. . . . C Cfc).( F (i*+i) + )fTl))(9 _| )fT2)j( ,' + | ><T3)i( ,/_ * )CT4) ) 

and 

A£$\q,(/,t) = £ L x , ju ..., je (q,q',t) 

max{i 1 ,i 2 } < Jl < j 

max{i^,i^ + 1 }<j^<j 
max{j 1 , •■ ■ ,J£ }=p 
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Then 

3 

By repeated use of Lemma III. 28, (II. 8) and its X = C analog, 

£ 

||^x, J1) ..., j£ |U 1 , K2 < const Y[ [v/[~ + min{l, ^— ^_^ }| 

m=l 

with the constant depending on £ and ii, • • • , Summing this bound over ji, • • • , with 
max{ji,---,j'4 =p 

IIA^Hm,^ < const [v^ + min{l, ^— 

The constant now depends on |«i — K2I as well but remains finite as long as K\ 7^ K2- The 
existence of the limit j ' — > 00 is now a consequence of the Lebesgue dominated convergence 
theorem. Similarly, if D is any first order differential operator in q, q' or t, 



je \\ Kl , K2 < const M-«"-J«} J] {v^: + min{l, |M _ w ; |M , m }} 

m=l 

D A£^ ,« 2 < const MP { + min { 1 , ^_^ MP } } 



Continuity now follows from 

^ll"^ 1 = \g(x) - g(y)\^ [ ^fj^ ] £ < [2 sup l^)!] 1 " 6 [sup |V(/(x)|]' 

and the observation that 

00 

^M £p {v^ + min{l, | rei _4| MP }} <oo if e < f and Kl ± k 2 
p=i 



The Infrared Limit — Reduction to Factorized Cutoffs 

Recall from (11.13) that 

I/ (>0(p), / (>i)( fc )_^(>j + l)( p ) I/ (>3 + l)( fc ) 



U UA ft J ~ L*Po-e'(p)Jlifco-c'(As)J 

A ( n M - ^^')(p)^^^(fc)[l-^(e(p); 
•^JWN ~ [ip -e'(p)][ifco-e'(A 

» M _ ■/ ( ^ ) (p)^ ( ^ ) W[l-^(Po)K 

D 1j3 \J>,K,) — [i Po -e'(p)][iko-e'(k)] 



where e'(fc) = e(k) — u(fc) and 



= J>(M 2 ™u; 2 ) 



with z/ being the single scale cutoff introduced in Definition 1.2. 
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Proposition III. 30 Let 1 < i < j and £,r > 1. Let ki,k 2 G M with and g and h be 
sectorized, translation invariant functions on%)i^ and%)^ r respectively. If \k\— K2I > 0, then 

b^-A^.hW^ Wg^-B^.m^ < const \gUA\h\\ Kl , K2 j {^T j+ \ Kl _^ Milj } 



Proof: Let 

^lA^J - [ ipo - e '(p)][ifc - e '(fc)] 01 L*po-e'(p)J[ifc -e'(fc)J OI Lipo-e'(p)Jlifco-e'(As)J 

It suffices to prove that 

lk ,P,/i L l5 « 2 ^ const \g\ £ ,i\\h\Ui,K2 J{V^+ \ Ki - k I\mh 3 } 
Define, for m > i, mi, 777,2 > m and s±, S2 G S m 

( I/ (>i+i)( p ) I/ (>j+i) or 
2 (P. fc ) = [i Po -^( P )][ifco-V(fc)] \ ^(e(p))^-(e(k)) or 

and 

z>S$ a (p>*)= E v ™)sTM 

m ^ , ?7i 2 > 1 
min{?7a^ , ra 2 } = m 



We have 

f = E E p S 

m=i Si,«2€S ra 

Hence, as in Lemma III.ll, 



00 



\9*V.h\\ KiK2 <con S t\gU4h\\ Kl , K2 J2 E Sl ^| x Em II^K 2 llb u bbie 



To bound ||^s™s2 || bubble ) se t, for s G E m and n > m, 

( V i>3+V{k) or 

and denote by ci n ' J ' ) (;r) its Fourier transform. As in Lemma A. 2, 



0*0Li < const M , 

IIS V / 112,1 — lmax{m,j} 

|4 nj) (^)|| L oc < const LM"^ ^!,,,, < const Mm ir { „, j} 
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The factor Mm t? {nJ} in the first inequality arises, when j > to, from splitting s up into sectors 
of length [j. Hence, by the triangle inequality and (III. 7), 



r {™j)\\ || r ( n 'j)|| _i_|| r ( n J)|| \\ r ( m ,j) II 
si IIl 1 !! S2 ~ II s i IIl°°II s 2 IIl 1 



11^1,52 llbubble — [ 

< ^ const M- tm J 7m j} M Jr { „, j} 

n>m 

- COnSt U {mj) 2^ M^T^TT 



n>m 



By Lemma C.2, 

#{ (si,s 2 )eE m I «x-« 2 G Sl -s 2 }< const l^ + ^min {1,^3^^}} 
so that 

oo 

lb * P * h\\ KuK2 < const IffMHU^ ^ 1^ + ^ miu {1, Wi _^ Mm } } j^ifar 

m=i 
j 

< const |(7|^||/i|U 1)K2 k.-kJm-l }?!! 

m=l 

oo 

+ const |<7MHL, K2 J ^ + \ Kl - Ka ) M m lm }Un 

m=j 

< const bl^ll^lU,^ j{jk-MHf + j^-j^ + 

< const |(7|^||/i|U 1)K2 J'{ + \ Kl - K l\MH 3 } 



Corollary III. 31 Let £ > 1, i±, • • • , z^+i > 2, j > max{ii, • • • , ii+i} and \ki— k 2 \ > 0. Define 
Io = %\, Ie+i = ie+i and, for 1 < m < i, I m = max{i m , i m+ i}. For each 1 < to < £ + 1, Ze£ 
g m 6e a sectorized, translation invariant function on %)i m _ lj i m with \gm\i m _ 1 ,i m < 00 Then 

\\ 9l • C [IlJ] • g 2 • • • • • C [I ' ,J ' ] • - £1 • .A 7lJ • g 2 • 

and 

||<7i • C [Il ' j] • 02 • • • • • C [ ^' J] • gt+i - gi • B/^ • 91 • 

6o£/i converge to zero as j — > 00. 



Kl,K 2 
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Proof: Use Proposition III. 30 and the bounds 

b • a** • ML« 2 > b • B ij • h L lt ^ b • C * ,J • h \\ K1 , K2 ^ const - * + !l kUHl 

which follow from Proposition III. 30 and Theorem III. 9, with /? = 0, to prove that 

||<7i«^/ l5j «<72- • -A Im _ x j *g m * [C^ - Ai mtj ] •g m +i»C [Im + 1 ' j] - ■ ■•C^*g e+ i\\ h 
\\g^B Iuj .g 2 .---.B Im _ 1 , j .g m .[6 I ^-B^ 

<const^ \j\ e {y/T j + \ Kl _ K \\ MH } 11 \9m\l m -ul m 

m=l 
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IV. Double Bubbles 



In this section we prove the "double bubble bound", Theorem 11.20. The techniques 
we use are essentially those of §IV with one additional wrinkle - volume improvement due to 
overlapping loops. 

To illustrate the effect of overlapping loops we consider one double bubble, namely 



q + t 



q' + t 



D(q,q',t) 




with the kernels of all vertices being identically one in momentum space and all lines having 
propagator By the Feynman rules 

D(q,q',t) = Jdkdp C U) (p + q)C {j) (k+p)C U \k + t)C {j \k) 
The naive power counting bound is, for each q,q',teJRx IR 2 , 



\D(q,q',t)\ < Jdkdp \CW(p + q)\ \C {j) {k + p)\ |C^')(fc + t)| \C^{k)\ 
< / dkdp \CW{k)\\CW(p + q)\ 



= l|c (j) Ocelli 

< const 



since, denoting the j th shell by Sj (see Definition 1.2), 



Halloo = sup jj-^y^VMMi 



||C^||i < IIC^Hoo (volume of Sj) < const M j ^ 



const 
M 2 i ~ Mi 



In the naive bound, we ignored the constraint that |e(k + p)| < -^gp-. Taking it into account, 
one has the better estimate 
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\D(q,q\t)\< J dkdp \C^(p + q)\\C^(k + p)\\C^(k + t)\\C^(k)\ 

< const M 4j J dk dp v {i) (p + q) z/ (j) (k + q) (k) 

< const M 4j vol{(/c,p) e (HxIR 2 ) 2 \i( Po + q ) - e(p + q)| < 



Mi ' 



\i(k +p ) - e(k + p)| < |zfc - e(k)| < ^} 

< const M 4 ^ vol{(k,p) G M 2 x R 2 | |e(k)|, |e(k + p)|, |e(p + q)| < ^} 

<constM 2j / _rfp voljkelR 2 |e(k)|, |e(k + p)| < ^) 

•W+q)|<^f 1 ' ^ J 

There is e > such that for p outside a ball of radius A ^°" s _ t e) around the origin 

vol({kG!R 2 ||e(k)|<^}n{kGlR 2 ||e(k + p)|<^}) < jfflfa 




{ k | |e(k)| < ^J J{ k | |e(k + p)| < } 

because, roughly speaking, {k e H 2 | |e(k)| < and {k G R 2 | |e(k + p)| < ^|r} cross 

at an angle of about const |p| > ■ Therefore 

Halloo < const M 2j ( M2j l {1 _ £) + M (i +e )j ) 
< const j^j 

This "volume improvement" is realized in terms of sector counting in Lemma C.2. 
Sector counting and simple propagator estimates (Lemma III. 14 and Lemma IV. 2) are com- 
bined using Corollary IV. 3 (an analog of Lemma III. 11) to prove Theorem IV. 4 (which is 
essentially a reformulation of Theorem 11.20 parts b and c in terms of the II ■ | norm of 

J c II llKl,«2 

Definition III. 7) and to treat the large transfer momentum part of the reformulation, The- 
orem IV. 5, of Theorem II. 20a (Proposition IV. 6). Theorem 11.20 parts b and c are proven 
following Theorem IV. 4. The treatment of the small transfer momentum part of Theorem 
IV. 5 closely parallels the corresponding argument in §IV. Theorem II. 20a is proven following 
Theorem IV. 5. 

We first prove a general bound on (g\ • T> • g^jf • W • h similar to Lemma III.ll. 
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Lemma IV. 1 Let 1 < I < i < j and r > 1. Let K\, K2 G -^r awd 9i, 92 and h be sectorized, 
translation invariant functions on 2)^, 2J^ and 2Ji >r respectively. Let W be a particle-hole 
bubble propagator whose total Fourier transform is of the form 

3 

W(p 1 , h,p 2 , k 2 ) = Y^ Yl W sTX(P^ fc i'^2, k 2 ) if p 2 - k 2 G Ki - K 2 

m=i si,s 2 6S m 

with Ws™} 2 {pi,ki,p 2 ,k 2 ) vanishing unless ir(pi), it(j>2) G 7r ( s i) an d ^(ki), ^(k 2 ) G 7r(s 2 ). 
f/ere n : k = (k , k) i— > k is the projection of M = IR x IR 2 onto its second factor. Let V be 
another particle-hole bubble propagator with 

V(pi,k 1 ,p 2 ,k 2 ) = ^ V Ul ,u 2 (pi,ki,P2,k 2 ) 
u 1 ,u 2 eT,£ 



and V Ul ,u 2 {Pii ki,p 2 , k 2 ) =0 unless 7r(pi), 7r(p 2 ) G 7r(iti) and 7r(/ci), tt^) G 7r(n 2 ). 27ien 

max 

(ui,ii 2 )eE< 



<7i • V • ^ 2 ) / • W • /i|| Ki)K2 < 3 8 \gi\ e/ \g 2 \ e Jh\. r max_ ||V ttl)tt2 ||i m i,,,io 



sup ^ ^ inf ||W e , r|L kk , 

m=i s 1 ,s 2 es m 

»( s i - s 2) n,r ( K i - k 2)t £ 

#{ «2) G E £ x E £ | tt(mi - u 2 ) n *-(«' - Si) } 



Proof: Consider the case in which all of the external arguments of [g\ • V • g 2 )^ • W • h are 
(position, sector) 's. Set = «' and fix an external sector a 2 G S^. With the sector names 




we have 



E E E 

u i,i • w i,2^ s e s 1 ,s 2 e'z m 

"2,l:™2,26 J; i »l:>' 2 6 s i 

<7l(( • • ,Wl,3),( • ,™l,l),( • ,Wl,2)j O V UljU2 O g 2 ((- ,»2,l),( • ,W2,2),( • ,C 2 ),( • ,W 2 , 3 )) 

O O . • , V2 ),( • )(tl ),( • ,« 2 )) 
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For each choice of sectors, by conservation of momentum at the vertex h, we may replace the 
Ws™l 2 above by W^™1 2 R with any R e TZ(ki — k 2 ). Furthermore the multiple convolution 
vanishes unless 

tt(si - s 2 ) n?r(Ki - « 2 ) ^ 7r(ui - u 2 ) n7r(a-i - si) ^ (IV.l) 

and 

7r(^i 5 i) nir(ui) ^ 7r(w 2 ,i) n?r ( w i) ^ ^1,2) n ir(u 2 ) ^ tt(m; 2)2 ) n ir(u 2 ) ^ 

7r(«; l5 3)n7r(s 1 ) ^0 ir( Vl ) n tt( Si ) ^ 7r(«; 2)3 ) H tt(s 2 ) ^ 7r(t; 2 ) n tt(s 2 ) ^ 

(IV.2) 

For each fixed (tti, u 2 , si, s 2 ), at most 3 8 8-tuples (wi,i, w 2 ,i, wi, 2 , w 2j2 , ^1,3, ui, w 2 ,3, f 2 ) can 
satisfy (IV.2). Hence 

3 

\\(9i»V»g2) f »W»h\\ <3 8 \h\. max V V inf IIW,^ JL ... 

m = i s 1 ,s 2 6E r 7i 

,, "( s l~ s 2) n7r ( K l~ re 2)7 ^ ' , 

E |(<7i«K li?l2 .<72)% 

Tr(u 1 -« 2 )nir(CT^-s 1 )^0 

By definition of the || • || bubble norm 

\(gi 9 Vu 1 ,u 2 9 g2) f \^ £ < |^l|^^|^2^^||V Ul5U2 ||bubble 

Inserting this gives the Lemma. ■ 

Recall, for the statement of Theorem 11.20, that, for v G 1N x INg, 

00 

00 

P$»(*l»*2,Z3,Z4) = ]j^ E ^ m) (^1^3)D^)(x 4 ,X 2 ) 

Express vl% = £ ttl>t42eE/ ^u Pl «i,« 2 with 

2? ?ip,«i,« 2 ( a; i» a; 2,a;3,X4) = ]^ E( Xl -^"cij^ -x 1 )c^\x 2 - x 4 ) 

where Cu (x) was defined in (III. 9). Do the same for X>^ up . 
Lemma IV.2 Let i > 1, ui, u 2 G and z/ e A. T7ien 

,m,u 2 llbubble < Const 
II^Sn, Ul , U2 llbubble < Const 1, 



(IV.3) 
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Proof: By the triangle inequality, Lemma III. 2 and Lemma A. 2, 

N^i/,up,ui,u 2 llbubble ^ M \ v \ t / J \\X C Ul \\ L i\\C U2 \\L°° ^ / J lOUbt M |H< M M" 

< const li 

The bound on ||^dn, Ul ,u 2 llbubble is proven similarly. 



Corollary IV. 3 Let 1 < £ < i < j and r > 1. Let k±, K2 G ^ r and oi, #2 ^ fre sectorized, 
translation invariant functions on %)e,£, %)e,e and 2)i >r respectively. Let W be a particle-hole 
bubble propagator of the form 

j 

W(p u k u p 2 , h) = Yl Yl W iri 2 (^i' fc i'^2, k 2 ) if P2-k 2 EK 1 - K 2 

m=i si,s 2 6S m 

r (m) 



with Ws-lJz (pi : fei, p2, ^2) vanishing unless ■K(pi) 1 n(p 2 ) E tt(si) and 7r(/ci), 7r(/c2) G7r(s2). Let 
either vi^p or 

gi»V»g 2 ) f • Wmh\ 



V be either X>^ U p or 



IKl,K 2 



< const I01L J02L J/i| . U sup inf ||V^i m 2 pIL 

""( s i- s 2 ) n,r ( K i- K 2 )^ 

#{ U2) e x X e j tt(wi - u 2 ) n tt(k' - Sl ) ^ } 



< const |<7iU<72U%r ^ Z SU P. \\ W s[ 



3 

m) 
«2 llbubble 



sup #{(«i,« 2 ,si,s 2 )eS £ xE 



7r(iti — u 2 ) fl 7t(k' — si) 7^ 

- S 2 ) n 7r(Ki - K 2 ) 7^ 



Proof: The first inequality follows directly from Lemmas IV. 1 and IV. 2. The second 
inequality follows by choosing an R which is one on a large ball. ■ 



Theorem IV. 4 Let 1 < £ < i < j < r, «i, n 2 e £r and let 01, o 2 and /i 6e sectorized, 
translation invariant functions on %)£/, %)£/ and 2)i >r respectively. Let v e A and X> 6e either 
isv,up or is Ujdn . 
i) For any (3 G A 



Kl,K 2 



mI^Ij 

1 ll^.p.^.Df^ 1 ./.! 



01 


i,e 


92 


£,£ 


h 


i,r 


9i 


£,£ 


92 




h 


i,r 
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ii) 

(9i • V . g 2 ) f • CSS • HL 1;K2 < const \j - i + 1| Vh MJH,* 



and for any (3 G A with \(3\ > 1 and (/i, fx') = (1, 3), (2, 4) 



WHG?i -I? • -D^,C^ . ^|| Ki)K2 < const M,>L>L 



Proof: i) We treat . The proof for is similar. By Corollary IV. 3, followed by 
Lemma III. 14 and Lemma C.3 

mWIIG?i .V.g 2 )f.Bl 3 Ct^h\\ KuK2 

j 



^2 
J m 



<const|^i| I^I^Wi ^ J] SU P mwII D ?;3 C S, 
sup #< W2, «1, s 2 ) £ S< x E 

< const \9i\ u \9i\ u \h\^ r k E mWU^I^ 

< const |^|^ |^ 2 

ii) By Corollary IV. 3, followed by Lemma III. 14 and Lemma C.3 

j^\\(gi*V.gi)t.tf ; ,cM. h \ 



si,s 2 1 1 bubble 



ir(ui — U2) n tt(k' — si) 7^ 1 

7r(«l - S 2 ) n 7r(Ki - K 2 ) 7^ J 



IKl,fv 2 



< COIlSt |^|^|^|^|^|. jr X SU P, Mwll D L' C 2,,- )Sl , S2 llbubble 



m=iSl , S2 eE T 



sup #<J (tti, w 2 , si, s 2 ) 6E,xE 



7r(wi — n 2 ) Pi 7r(V — si) 7^ 

7r(si - S 2 ) fl 7r(Ki - K 2 ) 7^ 



lm (3 = 

< const Mj 9 2\jh\. r i e J2j±rA l -§: {j ~ m + 1) 1/31 = 1 



U^r 1/51 > 2 



For = 0, E J m=l I^U = |j - i + 1| as desired. For + 0, 

t [i [ ™&'- m + 1 ) = E M-^~ m \j - m + 1) < const 
again, as desired. 
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Proof of Theorem II. 20b, c: Replacing h by M }\5 T \ D^4^ reduces consideration to 5 T = 0. 
Suppose that V = £>^u P . Observe that, by Leibniz (Lemma 11.21) 

Df, 2 (9i • V . S2 )> = (D* s9l . V[% . 92 )' 

= E ( ft l, & )(Df>-Da<» p .D?. 3!)2 )' 

^l+/3 2 +/33=' 5 l 

/3l,/3 2 /3 3 eIN3 
01+/9 2 +/3 3 =«i 

Replacing ^^-^D^i by g u v + (3 2 by v and j^nk^D?!^ by # 2 , Theorem IV.4, with r = j, 
gives bounds on 



l 



for each of loc = top, mid, bot. Theorem II.20b,c now follows by Remark III. 8. 



Theorem IV. 5 Let l<£<i<j<r and ki, k 2 G &r. Set d = k\ — k 2 and let d, the 
projection of d onto {0} x IR 2 identified with IR 2 , be contained in a disc of radius 2l r and 
centre r. Furthermore, set tq = inf { |t | | (to,t) G d for some t G IR 2 }. Assume that 

ro < m^t \t\ < max j^, r\) M* < ljM j 

Also assume that p^ % > vanishes for all i > j + 1. Let v G INo x IN 2 ,, with v + a G A for all 

(£) (£) 

\a\ < 3 and letV be either Vl : u P orV u J dn . For any sectorized, translation invariant functions 
<7i, g 2 o,nd h on 2)^, 2)^ and 2Ji >r respectively, 

\\ {9l .V. 92 )f.C^.h\l M <cons tv ^ max 

l«upl + |a d nl + l«ll< 3 

Theorem IV. 5 is proven at the end of this section. 
Proof of Theorem II. 20a (assuming Theorem IV. 5): 

As in the proof of Theorem II. 20b, c, we may assume without loss of generality that S\ = S T = 0. 
Fix l<£<i<j,v<E INo x 1N , V and sectorized, translation invariant functions oi, g 2 and 
h on 2).^, 2J^ and 2);^ as in Theorem 11.20. By Remark III. 8, it suffices to prove that 

\\( gi .V. 92 )f.C^.h\\ < const i max (IV.4) 

L ' ^ aup,a dn ,a 1 eIN XlNg 
l«upl + |a d nl + l a ll< 3 



89 



for all Ki, K2 G Fix k±, K2 G Set d = K\ — k 2 and denote by d the projection of <i onto 
{0} x IR 2 identified with IR 2 . By Remark III. 12, the set d is contained in a disc of radius 
21 j. We fix such a disk and denote by r its centre. Furthermore, as in the proof of Theorem 
II. 19a, we define To = inf { |£o| | (to, t) G d for some t G IR 2 } and 

max { n G JN | r < } if < r < M 

jo = <{ if r > M 

00 if To = 

max { n G JN | \t\ < } if < |r| < 1 
ji = < if |r| > 1 

00 if jrj < j 3 [j 

3 = maxjz - 1, min{j, j , Ji}} 
The analog of Proposition III. 16 in the current double bubble setting is 

Proposition IV. 6 (Large Transfer Momentum) 

IK* • V • 92) f • • ^|| ki K2 < const M^M^L' 



Proof: If min{j, jo, ji} = j, then j = j and C^ +1 ' J '' = so that there is nothing to prove. 
So we may assume that min{j , ji} < j- 

Case 1: j < j\. In this case, \(g x • V • g 2 ) f • C^ +1 ^ • h\\ ^ = 0, because C^ +1 ^(p, k) 
vanishes unless \po\, \ko\ < and hence unless \po — ko\ < 2 A ^f < -^j < to, while \to\ > tq 

for all t G d. 

Case 2: ji < jo- In this case |r| > j%-. By Corollary IV. 3, Lemma III. 14 and Lemma C.4 



gi »V»g 2 ) f •C [J+1 ' J] •hi 



K 1 ,K 2 



< const M^M^H^ k sn P K 



m) I 

s 2 1 1 bubble 



SUp #<j(Mi,«2,Si,S 2 )GS f xE 



tt(ui — U2) n 7r(V — Si) 7^ 

- S 2 ) n 7r(Ki - Av 2 ) 7^ 



< const |</i|^|</2| £ 
The last sum 



m=j+l 



^ \/^m < < ^ COnSt 

m=J+l 
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As, by the definition of j\ , 



\h ( + l i) <\h(jk + fa) ^ const 

m=j 1 + l 



the middle sum 

i 

VI, 



E #f(i^ + ^) < const 

m=J+l 



As min (£l e , Mm \ T \ ) < min (£l e , M i |T| ) + min the first sum 

min ) < j min ^) + E min ( £ie > m^t\) 

m=J+l m=J+l 

<jmm (£U,fa) + const (£[ £ ) 2 / 3 

If j < 7173, then 

v _ 

< £l 2 / 3 < const 



while, if j > ^73, then 



Jh < 1 < r 2/3 
|T| ^ j2 ^ l £ 



Continuation of the proof of Theorem II. 20a (assuming Theorem IV. 5): 

When M i > [jM J = M^~^, we have \j - i+ 1| < const i. In this case Theorem IV. 4, with 

r = j and j = J, gives 

||(0i •Z>«<7 2 ) / «C [iJl « ^L 1A2 < const* V^H^M^N^ 

This together with Proposition IV. 6 yields (IV. 4). Therefore, we may assume that 

M l < ljM J (IV.5) 

Furthermore, if J = i — 1, = and there is nothing more to prove. So we may also 

assume that j ,ji > % and J < jJoJi- 
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Set v> = ££Jp« and C'M = + C^ 1 + with 

as in §111. Again, w — u' is supported on the (j+2) nd extended neighbourhood and cjv] = Cj^. 
Hence, by Theorem IV. 4. i, with (3 = 0, r = j and j = J, 

llO/i.P.^)'. [C^ -C'M] .h\\ KiK2 < const V^M,>U^ (IV.6) 

By (IV. 5) and the Definitions of J and C the hypotheses of Theorem IV. 5, with r = j 
and j = J, apply to (<7i • V • g 2 )f • C ^ • h. Hence 

|[aup]| I [a dn ] I ,[<*!, 0,0] 



II • V . g 2 )f . C'^ . /ill < const max M ° upJ \g 2 \ ° dnJ |fc| Ql 

l«upl + l«dnl + l<*ll< 3 



This together with (IV.6) and Proposition IV.6 yields (IV. 4). This completes the proof that 
Theorem IV. 5 implies Theorem II. 20. a. ■ 



The rest of this section is devoted to the proof of Theorem IV. 5. So we fix v G A, 
or T>^\ n and sectorized, translation invariant functions, g±, g 2 
and h, on 2)^, 2)^ and 2Ji >r respectively. We also fix k±,k 2 G -ft r and assume that 

to<m^t M^max^.A-} < l,M* (IV.7) 

and that vanishes for all z > j + 1. As in §111, we reduce the particle-hole bubble 
propagator C^' to the model bubble propagator of (III. 22). This is done in the following 
two lemmata. 

Lemma IV.7 Let Z be the operator defined in (III. 18). Then 

\\( 91 . V . g 2 )f . (Z . .Z*-M). < const Vk \ 9l |J H>k, 



Proof: Expand 



Z • C [hj] mZ l - M = (C [hj] -M) + {Zm C [hj] mZ l - C [hj] ) 
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where was defined in (111.20). Then, for |p | < M± ^ J 



I2M 



M3 ' 
3 



where vi™^ was defined in (III. 23). So, by Corollary IV. 3, 
9i • V • 92) f • (C 1 ^ 1 - M + Z • C [i ' j] •Z t - C^) • h\\ Ki K2 

3 

< const \gi\^\g2\ lA \h\ i r k 

SUp #{ (si, S2, Ml, M 2 ) | 7r(si - S 2 ) H 7t(ki - K2) 7^ 0, t(mi - M 2 ) fl w(k - Si) ^ } 

ll^l,S 2 |lbubble + 11^ L 'S1,S2^ ^ 1^1,82^, 



max 

si ,s 2 6E 



1 1 bubble 



where was defined at the beginning of the proof of Proposition III. 22. Then by Lemma 
C.3, Lemma III. 25 and Lemma III. 23 



9i • V • g 2 ) f • (C 1 ^ 1 - M + Z • C [i ' j] •Z t - C^) • h Uf 

i+l 3 3 

<const\g 1 \ £ Jg 2 \ e Jh\ hr k[j2 T ±r i ^ + E uf^ L + Ei^ 

m=i m=i+2 

< const y/l t \gi\ t j\g2\ t 



Lemma IV. 8 

\\(g 1 *V*g 2 ) f *(C [l > j] -Z*C [l > j] *Z t )*h\\ < const Jl t max 1^ I !° upl \g 2 \ !° dnl |/i 



Proof: By Lemma 111.20 

(#i • • g 2 ) f • (C [i ' j] -Zm C [i > j] •Z t )*h 

= ( gi *V* g 2 ){ • D x C [i ' j] •h+(g 1 *V* g 2 ) f *Z* D r C [l > 3] • h\ 

Both terms are bounded as in the previous lemma, using Lemma C.3 to bound the num- 
ber of allowed 4-tuples (si, s 2 , Mi, u 2 ) by ( K^= . Lemma III. 21, (and, for the second term, 
Lemma III.18.iii) are used to bound || D\Ci™l 2 ||bubbie < const jft and \\Z • D r ci™s 2 || bubble < 
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1 1 _D r Ci^] 2 1 1 bubble — cons t j^r- The right derivative in (gi»T>»g 2 )f acts as a central derivative 
on gi • V • g 2 and may be written, using Leibniz's rule, as a sum of three terms with the 
first containing a central derivative acting on gi, the second a central derivative acting on g 2 
and the third having one component of X>'s index v increased by one. Lemma IV. 2 is used 
to bound the bubble norms of the sectorized contributions to V. All together, 

(gi • v . 92 ) f . (c^ - z . c^i . z*) . h\\ KuK2 

< || . V • g 2 )f • D X C™ •h\ n + || ( 9l . V • g 2 y • Z • D r C lhj] • h\ 



< const 



M l \g x 



[(1,0,0)] 



k \g2\ tf + \gi\ tf M% \g 2 \ fP + \gi\ff k M l \g 2 



l«lA2 

[(1,0,0)] 



Hi,r E ImVh ^ 
vn=i 

i 

+ const |^|^ k W^Mi,r$] 



< const v max 

l + l«dn|<l 

< const a/T^ max 

l + l«dn|<l 



#1 


I«upl 

I 


#2 


#1 


I«upl 


#2 



Q?dr, 



H [1,0,01 Ei& 
4 



[a d »l [1,0,0] 



Proposition IV. 9 

{9i •Vm g 2 ) f • M • h\\ < const 



I |! Q u P ]| I I Q dn] I 7 I [«1,0,0] 

max \ 9l \ \g 2 \ \h\ 

aup ,c< dn , ai eIN XIN2 
l«upl + l«dnl + l«ll< 3 



Proof: Write 



where 



M(p,k)= Yl M (p, k) 

si,s 2 eSi 



M Sl , S2 (p, k) = M(p, k)p(p - k)x Sl (p)x S2 (k) 
and p was defined just before (III. 24). Then 
(gi*V*g 2 y *M*h 



E 



E 

u 1 ,u 2 SS£ t "l,3'' I "2,3 f = s £ 
u>2 l' u, 2 2^S£ u^,i,2€S| 



^<7l (?/!,( • ,Wl, 3 ),( • • ,Wl, 2 )) O P UljU2 ° fi'2(( • ,W2,l),( • ,W2,2),2/2,( • ,™2,3)) 

O A^ SljS2 O • , Vl ),( • ,V 2 ),J/3,y4) 
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where, for v = 1, 2, 



Vv = 



k' v if < G M 

{x„,k' v ) if k' v G E £ 



k v if k v G M 

• " ' • > (,r„ . 2. Kv) if k v G >'.,- 



^1,1/ VU^ 2 




The multiple convolution vanishes unless 



w(si - S 2 ) Pi 7r(Ki - K 2 ) ^ 7r(-Ui - "U 2 ) fl - Si) ^ 



and 



t«i,in«i ^1 w 2) inwi^0 «ji,2 n « 2 ^ -w 2)2 n u 2 7^ 

7r(wi >3 ) n?r(si) ^ 7r(ui) nir(si) ^ tt(w 2 ,3) n *r(s 2 ) ^ tt(v 2 ) n tt(s 2 ) ^ 



(IV.8) 



Fix the external sectors/momenta (k± , K 2 , K 2 ). Then, for each fixed (s±, s 2 , iti, u 2 ), there 
are at most 3 8 8-tuples (wi,i, w 2 ,i, tui, 2 , t« 2 , 2 , wi,3, t>i, w 2 ,3, t> 2 ) satisfying (IV.8). By Lemma 
C.3, the number of allowed 4-tuples (s±, s 2 , iti, -u 2 ) is bounded by t Set, for each s = 

(k[, k' 2 , Wl,2, ^1,3, ^2,1, ^2,2, ^2,3, Ml, « 2 ) G #f X Ef 

g'<; = • .Wl, 3 ),( • ,t»l,l),( • ,t»l,2)) O T> UljU2 O g 2 ((- ,tl)2,l),( • ,W2,2),J/2,( • ,W2,3)) 

for each r = (m^i, ioi, 2 , u>2,i, ^2,2, , 1*2) e £f , 

9t = gi( - ,(■ ,wi,i),(- ,wi, 2 )) o V UljU2 o g 2 ((- ,w 2 ,i),( • ,102,2), • , • ) 



and, for each i>2 G Ej 



h VuV2 (x 1 ,x 2 ,y 3 ,y 4 ) = hfouvx), (x 2 ,v 2 ),y 3 ,y 4 ) 



Then 



((/i •V»g 2 ) f »M •/ill ffi K < const y-V SU P ma * Ilk? 7 V,^ Ilk 
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By (111.28) 



\g'/ o M ai , aa ° h vi,v 2 \\\ loo < const U max max |^| °'° ,a!r \h\ ai ' lU)] 

l«rl + l«l|<3 



Bounding 

- \!Jr\l.( 



/i[0,0,«r] < | |[0,a r ,0] 



< const max |(7i|f upI |(72|f Qdnl 

aup,a dn eIN XIN2 

by Leibniz and Lemma IV. 2, yields 

01 •V»g 2 ) f »M •/ill K < const -^7= [J^ max lffi|[ aupll |^2| 

"up l + l a dn l + I < 3 



Ia dn ],, i[ai,0,0] 



^ , IT I I ["up] I I [adn] I , I [«i,0,0] 

< const max \g x \\ p > 2 \h\\ 

l«upl + l«dnl + l"ll< 3 



Proof of Theorem IV. 5: By Lemmas IV. 7, IV. 8 and Proposition IV. 9, 



9l • V . g 2 y . . h\\ Ki K2 < \\{ 9l . X> . </ 2 )/ . (Z • CM • - M) • h\\ Ri K2 

+ \\(gi»V»g 2 ) f • (C [i > j] - Z • &^ • Z l ) • h\ 
+ \\(gfV*g 2 ) f *M*h\ 



^ i [7~ I |I"u P ]| I I a dn] I , I [ai,0,0] 

< const m ax \gi L \g 2 \ e \h\ 

"up.^dn.^ielNoXMo 
l"upl + |a dn l + l«ll<3 



as desired. 
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Appendix A: Bounds on Propagators 



Fix, as in Theorem 1.20, a sequence, p( 2 \p( 3 \ • • •, of sectorized, translation invariant 
functions on ^(IR x R 2 ) x Ejj obeying 

|P (0 li, Ei < P W (0,k) = 

and set, for all j > 1, 

v(k) = Y^p il) (k) e'(fc) = e(k) - v(fc) 



i=2 

v J (k) = ±p^(k) e' J (k)=e(k)-v J (k) 



i=2 



Lemma A.l There is a po > such that for all p < po and (/co, k) in the first neighbourhood 
i) 

V k e'(A;o,k) ^0 V ke ;(fc , k) ^ 

|0 fco e'(fc o ,k)| <p< § |a fco e;-(fc ,k)| < p < \ 

\ik - e'(k)\ > \\ik Q - e(k)| \ik - e$(fc)| > §^0 - e(k)| 



|^fc e j(^)| < const I 

If I7I = 1, t/ien 



1 if \a\ < 1 

IjMW-W if a <E A, \a\ > 2 



|^K-(po,k) - <9^(/c ,k)|, |^e'(p ,k) -e^e'(fc ,k)| < const p \p - k 
\ d k e'j(k) - d^e'jik^l \d ka e'{k) - d ko e'(k')\ < const p\k - k 
- dle' 3 {k% \dle\k) - dle'{k')\ < const \k - k 



Proof: i) By setting pW = for all i > j, it suffices to prove the statements regarding e' . 
All statements follow from 

00 00 
sn V \d k v{k)\ < ^sup|0 fc p«(A;)| <^2p[ l <p 

k i=2 k i=2 

For the second inequality, we used Lemma XII. 12 of [FKTo3]. 
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ii) Again by Lemma XII. 12 of [FKTo3], 



\d%e' 3 {k)\ < \dte{\i)\ + j^\dZP^{k)\ < |^e(k)|+^2a!p^M^I- 1 ) i 

i=1 i=2 

1 if let! < 1 



< const 



LMd"!- 1 ^' ifaeA, |a| > 2 



iii) Apply Lemma C.l of [FKTf3] with C = C\ = const p, a = N and (3 = 1 - K. When 
dealing with e', use fi(t) = d^piit, k) for the first bound, fi(t) = dk pi(k + 1 £,Zk\ ) f° r the 
second bound and fi(t) = d^pi^k + 1 jfr^fy) for the third bound. When dealing with e'j use 
the above /j's for 2 < i < j and zero otherwise. The contribution from e(k) vanishes in the 
first two bounds and is bounded by const \ k — k'\ in the third. ■ 

Recall that, for j > 1, Cy\k) = ■ Set, for m > 1 and s G S m , 

c?)(fc) = C?)(fc) X .(fe) 
and denote by c£^(x) its Fourier transform. 

Lemma A. 2 There are M -dependent constants const and po swc/i £/ia£ the following holds 
for all p < po, (3 G A and j > 1. 

For s G S 3 , 

||^4 J) (^)|| L i < const M^+I^IW 
iij For 1 < m < j and s G S TOJ 

IK4 j) (£)|| L oo < const UM^I" 1 ^ 



For m > 1 and s G E m , 



|cW(x)|| Loc < const 



f-c^(^) < const ^ 



zrj For s 6 Sj, 



9x L s 



(X) 



< const 
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Proof: For any sector s' of any scale, c s ,(k) is supported on the ,7 th shell and pW(fc) is 
supported on the i th extended neighbourhood. If i > j + 1, the j shell and i th extended 
neighbourhood do not intersect, so we may assume that pW = for all i > j + 1. Therefore, 
by Corollary XIX. 13 and Proposition XIX.4.iii of [FKTo4] , 

j+i 3+1 
< E \P (i) \i,^ ^ const E WS' < const j^Cj 

Hence the hypotheses of Proposition XIII. 5 of [FKTo3] are fulfilled. To apply this Proposition, 
we let, for s',s" £ Ej, c((£, s'), (£', s")) be the Fourier transform, as in Definition IX. 3 
of [FKTo2], of Xs'(k)Cv (k)xs"(k). Comparing this Fourier transform with that specified 
before Definition 1.17, we see that 

S »6E j 

By conservation of momentum, only three s"'s give nonzero contributions to the right hand 
side for each s' . Hence, by parts (ii) and (iii) of Proposition XIII. 5 of [FKTo3] and Corollary 
A.5.i of [FKTol], 

E M xS <#\ X )\\lJ ^ CO -*l 5 ll,E, < l-fnstpc, < constM^c, (A.l) 

5eINQX]N2 

E iV&WL-t 6 < co ° st W T^ < const ^9 (A.2) 

(SelNoXlNg 

i) follows from (A.l) by choosing s' = s. 

ii) By (A.2), 

1 1 x 5 c { p{x) 1 1 Loc < const Ml 6 \ j 
for all s' G Ej and 5 G A. Write c? } (ife) = E cJ' } (ife)x fl (A;). By Lemma XII.3.iii of 
[FKTo3] 

V^\x)\\ Loa < const E E lk^ ) ( a ;)|| Lco ||x''x.(a:)|| Ll 

s'EEj 5,5'eIN XIN2 
snsVB 5+<5'=/3 

< const E E j^M^'M 1 *' 1 ' < const ^M 1 ^' 

s'eEj 5,5'eIN XIN^ 

iii) follows from the observations that 

sup |c£"(fc)| < const M J sup |fcoc£"(fc)| < const 
k k 
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and (k) is supported in a region of volume const -jjfij- 
iv) follows from part (iv) of Proposition XIII. 5 of [FKTo3]. 

Recall from Lemma III. 25 that 

A—fp k) = / 6(mi ' ma) du ^ (mi ' m2) (^,k,p) Xsi (p)x S2 (k) 



f 

J-, 



S1 ' S2 V ' /-^.m,) " ^-e'(^,p)][zu;-e'(u;,k)] 
where 

jU (-l-- 2 )( a; ,k,p)= [l-Z/o(-)^l(p,k)]z/^)((^p))z/^ 2 )((^k)) 

and 

{^max{m 1 ,m 2 } if 771 = 2, 2 + 1 

r i ,1 
min \Ml^^ Mm a c ° { n 4. m2 } ) ifm>z + 2 

The functions z/ and 1/1 were defined just before (III. 22). 

Lemma A. 3 Let i < m < j , min{mi, m 2 } = m and s±, s 2 G £ m . Then 
f dz 1 sup|A^ 2 (z 1 ,z 2 )| < const 6(m 1; m 2 ) l 2 m ^- 

J z 2 1711 

/ cte 2 sup |A™^™ 2 (zi,z 2 )| < const b(m u m 2 ) I 



2 M m 2 

171 Im 2 



Proof: We may write A™^™ 2 (p, k) as a sum of two pieces, each of the form 

^ui,«i,ti2,f2 (P» k) 



with 



where 



A Ul> „ 1)U2j „ 2 (p,k) = ±Jdu Crn 1 ,rn 2 (^)c^ 1 \u,p)c^ 2 \u,k)xi, v ^,P)X2,v 2 (^^) 

1 or 

Xi,t»i(w,p) = { g i/(M 2£ e(p) 2 ) } \.-, w-PH^i'O.p} 

e=i+i 

1 or 

X2,« a (w,k) = <j g z/(M 2£ e(k) 2 ) > X« 2 (^,k)x S2 (0,k) 

f 1 or | 

Cmi,m 2 M = | jXmi,m 2 M 
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and Xm 1 ,m 2 ( UJ ) is the characteristic function of the interval [ — b{m\, 777-2), b(mi, m ^)] • The 
Fourier transform of A Uljt , ljU2jt , 2 (p, k) is then 

/4 
dxidx 2 n dt i (*i> x i)xi,i;i(*2 -*i,zi -xi) 
£=1 

c iT 2) (^3 - *2, X 2 )X2,« 2 (t4 - *3, Z2 - X 2 )Cm 1 ,m 2 (-^4) 

This is bounded using 

sup|Cmi,m 3 (-*4)| <2b(m 1 ,m 2 ) 



t 3 



M m 2 



sup / cft 4 |x2,« 2 (*4 -*3,Z2 -x 2 )| < const 

,x 2 ,z 2 J 

sup / dt 3 dx 2 |4? 2 >(* 3 - h, x 2 ) I < const M™ 2 ( A .3) 
sup dt 2 dz 1 |xi,t;i(*2 - h,z 1 - xi) I < const 

*i,xi y 

y rftirfxi Ic^^t^Xi)! < const M mi 

The supremum of |C mi , m2 ( — ^4=) j was bounded by the L 1 norm of Cmi,m 2 ( a ')- The bounds on 
Cul e \ £=1,2 are immediate consequences of Lemma A.2.i with /3 = 0. The bounds on xe,v e , 
1=1,2 are proven much as Lemma XIII.3 of [FKTo3] . Indeed (XIII.3) of [FKTo3] applies 
with j = mi and [ = \ mr Denoting by x^ and xm the components of x perpendicular and 
parallel, respectively, to the Fermi curve at the centre of vg, Proposition XIII. l.i gives 

I Ye v . (t, x) I < const t 

\M,v t \, )\- M Am e [ 1+M - mt W] 2 [1+M -m t \ x± \ + lme | X|| |]3 

from which the desired bounds follow. Applying, in order, the bounds of (A.3) yields 
/ dzisup |A Ul>t , 1>tt3>t , 2 (zi,z 2 )| < const b(m 1 ,m 2 ) l m2 M mi 

J Z 2 

Similarly, 

/ dz 2 sup |A Ul>t , 1>tt3>t , 2 (zi,z 2 )| < const 6(toi,to 2 ) i mi M m2 

J Zl 

For each fixed si G E m , there are at most const -p 3 - pairs (u\, v±) G E^ obeying u\ flsi 7^ 0, 
«i n«i 7^ and for each fixed s 2 G E m , there are at most const 7^- pairs (7/2, ^2) G E 2 
obeying w 2 n s 2 7^ 0, w 2 fl v 2 7^ 0. Hence 

J dz lS up|A^ 2 (zi,z 2 )| < const b(m u m 2 ) j^j^ U 2 M mi < const 6(mi, m 2 ) [ 2 Mmi 



m 2 



Z 2 



/ 



dz 2 sup|A^"* 2 (zi,z 2 )| < const b(m u m 2 ) -^-^ l mi M m2 < const 6(mi, m 2 ) l m — - 

I ^ 1 I l ?77,-! l rri-o L mo 

Zi 1 ^ 



777,1 



2 M m 2 
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Appendix B: Bound on the Generalized Model Bubble 



Fix, as in Theorem 1.20, a sequence, p( 2 \p( 3 \ • • •, of sectorized, translation invariant 
functions on ^(IR x IR 2 ) x obeying 

b (<) li, Ei < p«(o,k) = o 

Let I be an interval of length [ on the Fermi surface F and it(k, t) a function that vanishes 
unless 7r p (k) e /, where 7i> is projection on the Fermi curve F. Set, for 1 < i < j, 

4' j \k )u(k,t) 



k)][ifc -e'(fco,k + t)] 



where 

J- 1 j+i 
4' j) (k ) = £ KM 2 ^ 2 ) e'(fc) = e(k) - £ £ W (*0 

Lemma B.l Let 1 < i < j obey M i < {jM j . Then 

\d?Bij(t)\ < const [max{l, j IjM^} max sup \d? d£uQ*, t) | 

|P+7|<I"| k,t 

/or a// | a | < 4 and all t in a neighbourhood of the origin. 
Proof: Let 

E'(k , k, t, s) = se'{k , k) + (1 - s)e'{k , k + t) 

E(k, t, s) = E'(0, k, t, s) = se(k) + (1 - s)e(k + t) 
«;(k,t,s) = l-ifg(0,k,t,s) 



Then 



£(fco, k, t, s) = £'(fc , k, t, s ) - £'(0, k, t, s) - fcofjf (0, k, t, s) 



/V 1 
dk j-, 77^- 
[ifco - e'(k , 



,k)][ifc -e'(fco,k + t)] 



e'(ko, k) — e'(ko, k + t) liko — e'(ko, k) z/c — e'(/co, k + t) 



d/c / (is 



o [^ -^'(A:o,k,t, S )] 2 

^ ds (B . 1} 

io [iw(k, t, s)/c - £(k, t, s) - £?(fc , k, t, s)] 2 
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Case i: \a\ > 1 Make, for each fixed s, the change of variables from k to E and an "angular" 
variable 9. Denote by J(E, t, 6>, s) the Jacobian of this change of variables. Then 

1 r r ,,(*>■?) 



Bij(t) = ds dk d6dE 



^ 3 \k Q )u(k{E,t,6, s),t)J(E,t,e, s) 



k=k(E,t,6,s) 



to J J [iw(k(E,t,6,s),t,s)k - E - E(k ,k(E,t,9,s),t,s)] 2 

(B.2) 

Since E(k, t, s) = se(k) + (1 — s)e(k + t) and t is restricted to a small neighbourhood of the 
origin, 

| V k £(k, t, s) | > const > |d£af £(k, t, s) | < const' (B.3) 
for all a + j3 having spatial component at most r. Using 

d u k e (E, t, 9, s) = - E(kjt 9 ^ ^SkJ-J J sSm) a kl *(k) 9 *i E ( k ' *> s ) 
one proves, by induction on |/?|, that, for |/?| < r, 

|dfk(£,t,0,s)| < const" (B.4) 

Using this bound and 

J{E, t, 6, s) = | 9kiS(k)t)S ) ak2e ( k )l 9k2E ( k;tjS )a kie(k )| 
one proves that, for < r — 1, 

|af J(E,t,9,s)\ < const" (B.5) 

By Lemma A.l.ii, for a + + (1, 0, 0) G A, 

\d^w(k, t, S ) | < const { J. M(|Q| + |/3|) , I! ["[ " J (B.6) 



k=k(E,t,0,s) 



£(fcd, k, t, s) = E'(k , k, t, s) - E'(0, k, t, s) - fc o f£(0, k, t, s) 
= / d« [Sg("»M, a )-§g(0,k,M)] 

w 

parts (ii) and (hi) of Lemma A.l imply that, again for a + f3 + (1, 0, 0) G A, 

if|a| + |/3|=0 

\d%d?E(k ,k,t,s)\ < constp { \k \* + \k \[ 3 M^ if |a| + \j3\ = 1 

^•M^l+I"!- 1 )^ |jfeo|IjM(l Q l + l' 3 l)J if |a| + > 1 
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For k in the support of Vo\ko), |fco| > const j^j and 



\d%d?E(k ,\t,t,s)\ < const p 



Mi 
1+N 



if \a\ + 



|fco|^M(l Q l+l^l^' if|a| + |/?|>l 



(B.7) 



Applying to (B.2) yields an integral whose integrand is a sum of terms (whose 
number is bounded by a universal constant) of the form a combinatorial factor (which is 
bounded by a universal constant) times Vq (ko) times 



n f-ar#''W-fl nV%] k'sf « ri aTV] «fj 



with the various degrees obeying 



W\ 



| 7 (p)| 



a 



£'=i p=1 L i=i J 

| 7 (p)| + |^(p)| >i foralll<p<m 

\a {p ' £) \ > 1 for all 1 < p < to, 1 < £ < | 7 (p) | 

|a /( °|>l for all 1 < £' < | 7 '| 

Using the fact, from Lemma A.l.i, that \w(k, t,s) — 1| < p < | and the bounds on the 
derivatives of k, J, iu and i? of (B.4-B.7), we may bound this term by 



m 

const \ lko _ E \ m +2 EI 
p=l 



I / at I 

SUp (9^ It 
k,t 



\ const t~i 



|ifc -S| 



m + 2 



n 

P =i 



j.Md^l+I^I^M^I^I+l^'l) max sup |flf52«(k, t) | 

|/3+7|<|a| k,t 



< |J^ Ml-^I^Ml^+Vl(^) ^maX Q| SU P] ^|af^(k,t)| 

1 1 |P+7l<l«l k,t 

For the second inequality, we used that \/3'\ + \Y\ + E™=i[l7 (p) l + l/3 (p) l] < \ a ~ P"l For the 
final inequality we used that one of to, |7'|, \(3'\, \(3"\ must be nonzero for \a\ to be nonzero 
and we also used the hypothesis that M l ~i < [j. The bound is completed by applying 

/•const /• /-const /-const 

/ dk d9 dE , k < const i / dR < const jl 

J const. Jj J-const ''" J const. 
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Case ii: a = 0. Recall from (B.l) that 



B iA t)=[dk (\s Q> 

i io [iw(k, t,s)ko — E(k, t, 



s) — E(ko, k, t, 



12 



and set 



[iw(k,t, s)k Q - E(k,t, s)] 2 
By Lemma A.l.i, (B.7) and the reality of ko and E(k,t, s), 

\\ik - E(k, t,s)\< \iw(k, t, s)k Q - E(k, t, s) - E(k , k, t, s) | < 2\ik - E(k, t, s) \ 

Hence, by (B.7), 
\B iA t) - B' iA t)\ 



< I dk I ds \iy ( l ' J \ko)u(k,t)\ 



[tw(k,t,s)fc()-E(k,t,s)] 2 -[zw(k,t,s)fco-g(k,t,s)-E(fc ,k,t,s)] 2 
[iw(k,t,s)ko-E(k,t,s)] 2 [iw(]i,t,s)k -E(k,t,s)-E(ko,k,t,s)] 2 



= J dk J^ds \u^ J \k )u(k,t 

dk fds const \k f\^' j \k )u(k,t)\ ^_ h0 E f^ 



E(fc ,k,t,s)[2iMi(k,t,s)i:o-2E(k,t,s)-E(fc k,t,s)] 
[iw(k,t,s)A;o-S(k,t,s)] 2 [2'(i;(k,t,s)fco-£;(k,t,s)-£'(fco,k,t,s)] 2 



-1 

< 



< rfg const|fco| K |^' j) (fc )^(k,t)| |tfco _^ k)t;s)|2 

/• /-const /-const 

< const sup \u(k, t)| d9 dko / (ii? 

k,t J/ J —const J— const 



ifc -£| 2 

</ -const 

const 



/• /-cons:; /• 

< const sup|u(k,t)| d6 dk \kof~ 1 / dE' 

k,t J I J —const J 



< const 1 sup \u(k, t)| 
k,t 

and it suffices to consider B[ -{i). 

Make, for each fixed s, the change of variables from k to E = E(k, t, s) and an 
"angular" variable 9. Then 

h< m C A / Jfl f Jt j, ( ,., )n , u{k{E,t,»,s),t)J(E,t,e,s) 
B iA t) = j dsj dOj AkoAE , (*o) [m)(k( ^ t> ^ sM>s)fco _ B]2 

Integrating by parts with respect to ko, 

/• 1 /" /"OO 

B' itj (t) = ds d9dE / eta 4' J \ko) ^ " 

JO J J-oo 



dk iwko — E 



f 1 f f°° —(-*)7hrva (fo) 

= ds dOdE / dk - , ° ° 
Jo J J-oo lwk o ~ E 
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Since ^^'^(^o) is odd under k — > — ko, 



B 



L (t) = j Q dsj d9dE jf dk ^H)[fc^' j) (M 

= y o ^y dedE y dk ^-(-z)[^ j \k ) 



twkg — E —twko — E 



— 2iwkp 
>j 2 k 2 +E 2 



d ,Xh3)fU \ 



u(k(E,t,e,s),t)J(E,t d,s)k 
w(k(E,t,6,s),t,s) 2 k 2 +E 2 



pi /• />0O 1>CG 

= -2 ds d9 dE dk 

J0 J J-oo JO 

Hence, since \w(k(E, t, 9, s), t, s) — l| < p < |, |«;(k(£', t, s), t, s) 2 — l| < | and 



-(t)| <4sup|uJ| / ds d$ dk / dE 
Jo Jr Jo J-oo 

where I' is some interval of length const [. Finally, 



dkg 



ko 
k 2 +E 2 



< const 1 sup \u(k, t)| 

k,t 

since / °°dfeo \^ J \k )\=2. U 

Theorem B.2 Let 1 < % < j obey M l < {jM J . Let t and n be mutually perpendicular unit 
vectors in IR 2 and p(k) be a function that is supported in a rectangle in k having one side 
of length co ^f parallel to n and one side of length const lj parallel to t. Furthermore assume 
that, for all ai, 0.2 < 2, 



(n-a k ) ai (t-a k ) a2 P (k) 



< constM QlJ '-4 



Let a = and Bij(x) be the Fourier transform o/p(k)Sjj(k). Then 



-Bi,j(x)| < const M 3 3 ( 1+ | n . x / M i| 3 /2)( 1+ | ljt . : 



;|(l + «)/2) 



max sup Mi | ^ +7 | j d£dfcu(k, t) | 



l/3+7l<3 k,t 



Proof: Denote 



U = 1 «™ a £, sup I 3? 3M k > *) I 

|P+7l<3 k,t 



Note that 1 < a < |. The first step is to prove that for all a± G {0, 1} and < a 2 < a 



(n • 9 k ) ai (t • «9 k ) M [^(k + qt) - B itj (k)] < C iUM^^\q\^-^ (B.8) 

i 
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where [a 2 ] is the integer part of a 2 . Here C is a constant that is independent of i, j, k and 
q. To prove (B.8) when [a 2 ] = 0, apply Lemma B.l twice to obtain 

(n • 0k) ai [fli,,- (k + qt) - Bij (k)] | < | (n • <9 k ) ai B^j (k + gt) | + 1 (n • d*) ai (k) 

< 2 const It/ M aij 

(n-d k ) ai [B id (k + qt)-B id (k)] <\q\snp (n- d p ) ai (i- d p )B hJ (p) 

p 

< const lU\q\jl j M^ ai+lS > j 

Multiplying the (1 — th power of the first bound by the a 2 power of the second gives 

(n-dk) ai [Bij(ls. + qt)-Bij(k)] < 2 1 - a2 const UJ\q\ a2 M aiJ M J ) a2 

= 2 1 - a2 const lUM aij ^\q\ a2 (jM^" 2 ^^ 2 

3 

< C IU M aij ^\q\ a2 

To prove (B.8) when [a 2 ] = 1, again apply Lemma B.l twice to obtain 

(n • <9 k ) ai (t • <9 k ) [Si,j(k + gt)-B i):/ (k)] < 2 const tC/jtj M( Ql+1 ) J 



(n-a k ) ai (t-a k ) [B^k + q^-B^k)] 



< 



q\ sup 
p 



(»A) ai (tA)X-tp) 



< const K7|g| j[ 3 M^ +2)j 



Multiplying the (2 — a 2 ) th power of the first bound by the (a 2 — l) th power of the second 



th 



gives 



(n-a k ) Ql (t-a k )[S J)J (k + Qt)-S l)J (k)] < 2 2 - a2 const IU \q\^- 1 M^ 1+1 ^ j jlj M^ 2-1 ^' 



>2 — «2 



const \UM ai3 



1 

r a 2 



|«2 — 1 



(jM 



-(N+a 2 N — a 2 )j 



) 



since K + a 2 tt - a 2 = K — (1 — K)a 2 > N - (1 - N)a = K - | > 0. We also have, for all 
ai G {0, 1, 2} and a 2 G {0, 1}, 



(n-d k ) a ^«9 k ) a2 I^(k) 



< const lUM aij jk 



(B.9) 



since jlj M a ^ = ^jM~^ +a ^- a2 ^ < const ^ for a 2 = 0, 1. 

The next step is to prove that for all cti G {0, 1} and < a 2 < a 

(n-a k ) ai (t-a k ) M [p(k + ? t) J B l , J (k + Qt)-p(k) J B l , J (k)] < C IU M a *i ^\q\ a *-^ (B.10) 

3 
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Applying the hypothesis on p twice, 



(n-a k ) Ql (t-a k ) [Q2l [p(k + ? t)- P (k)] 



< 2 const M aiJ 



(n • Ql (t • <9 k ) [Q2] [p(k + gt) - p(k)] < const M ai ^ -^\q 



Multiplying the (1 + [02] — 02) power of the first bound by the (02 — [a^]) power of the 
second gives 

(n-d k ) ai (t-d k ) [a2] [p(k + qt) -p(k)] < 2 1+ [ a2 l- Q2 constM aiJ T 4|Q| a2 -[ a2 ] (B.ll) 
The bound (B.10) follows from the product rule and 

(n • <9 k ) ai (t • 0k) M [p(k + qt)B hJ {k + qt) - p(k)B hJ (k)} 



< 



(n • c» k ) Ql (t • d k ) [a2] [p(k + qt)B hJ (k + qt) - p(k)B hJ (k + qt)} 



+ 



(n • d k ) ai (t • «9 k ) [Q2] [p(k)i^(k + gt) - p(k)B hJ (k 



by using (B.ll) and (B.9) to bound the first line and (B.8) and the hypothesis on the deriva- 
tives of p, to bound the second. 

The Lemma will follow from 

sup |n-x/M^ ai ^t-x| a2 |i^(x)| < const \U -jfc 

X 

for all ol\ G {0, |} and o 2 G {0, ^^}. This in turn will follow from 

sup |n-x/M J '| a %-t-x| a2 |£^(x)| < const \U jfc (B.12) 

X 

for all cti G {0, 1,2}, a 2 G {0, l,a}, ( 0:1,0:2) 7^ (2, a), by taking various geometric means. In 
particular, to handle the case (01,02) = (§, ^p); take the geometric mean of the bounds 
with (01,02) = (l,a) and (01,02) = (2,1). For 02 = 0,1, (B.12) follows, by integration by 
parts, from 



(n.a k ) Ql (i-a k ) Q2 [ P (k)5,,(k)] 



< const WM aij Jt. 



and the fact that p(k)Bij(k) is supported in a region of volume const j^j. Furthermore, if 
|L,-t-x| < 1, 



|n-x/M i | ai |r i t-x|°|B i>i (x)| < \n-x/M J \ ai \B hj (x)\ < const \U ±fc 
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so it suffices to consider ct\ = 0,1, = a and |t • x| > j-. Let -Dj(x) denote the Fourier 



transform of 



A,i(k) = ^(n-d^^i-d^) [p(k)B hJ (k)} 



Then 



| e -wt-« _ i| |„ . x/Af^l 011 !!^ • xll^Cx)! = |e-«** - 1| | | ^e* k ' x A,i(k) 

/ I f^^ k -^- x -e lk - x ]A, J (k) 



By (B.10) 



\D^(k + q i)-D hJ (k)\<C'lu\^r 



Furthermore, if \q\ < lj, -Di,j(k + qt) — Dij(k) is supported in a region of volume const -jjj, 
so that 

| e -^t-x_ 1 || n . x / M j| a i|^. t . x || j B. J ( x )| < cons t 



Mi r -1 

J 



To finish the proof of (B.12), and the Lemma, it now suffices to choose q = 10 \. x and observe 
that then | e -*« t,x - l| = \e~ 1 / 10 - l| > 0. ■ 



Lemma B.3 Let I be an interval of length I on the Fermi surface F , K be a compact subset of 
IR 2 , and Uj(k,to, z) = Uj ((&o, k), to, z) and vj(k,t, z) = Vj ((fco, k), t, z), j > 1, be functions 
that vanish unless keif and 7rp(k) G /, where ftp is projection on the Fermi surface. The 
variable z runs over IR n for some n G IN. Let rij(u), j > 1, be functions that take values in 
[0, 1], vanish in a (j -dependent) neighbourhood of ui = 0, are supported in a compact set that 
is independent of j and converge pointwise as j — > oo. Set, for j > 1, 

rij(e(k))uj(k,to, z) 

[ifco - e'(k , k)] [i(fc + 1 ) - e'(k + t , k)] 
nj(ko)vj(k,t,z) 



Aj(to, z ) = J dk 
Bj(t,z) = dk 



[ik - e'(k , k)][ik - e'(k ,k + t)] 



and let 



U^= sup \ Uj (k,t ,z)\+ sup Mfc-Ko),to,*)-MMo,z)| 

j,k,t ,z j,k,t ,K,z ' K ' 

\u j (k,t () ,z)-u j (k,0,z)\ \u j (k,to,z)-u j (k,t ,z')\ 
3,k,t ,z 1 U| j,k,t ,z,z' 1 1 

Vz= sup \ Vj (k,t,z)\+ sup I^((fco.k0,t^-M(fc°^).t.^)l 

j,k,t,z j',fc ,k,k',t,2 ' 1 

I C11T1 \vj(k,t,z)-Vj(k,Q,z)\ \vj(k,t,z)-Vj(k,t,z')\ 



j,fc,t,z 



j',fc,t,z,z' 



109 



be finite. 

a) Let < W < K < K. Then 

\Aj(t , z) - Aj(0, z)\ <constltf s \t f 
\Aj(t , z) - Aj(t , z')\ <const \z - z'f 

for all to in a (j -independent) neighbourhood of the origin. 

b) If, in addition, Uj(k,to,z) converges pointwise as j — > oo, the limit A(to, z) = lim A~(to,z) 
exists for to in a neighbourhood of the origin and obeys 

\A(t ,z) - A(0,z)\ <constlU^\t f 
\A(t ,z) -A(t ,z')\ <constl£^ \z - z'f 

for all to in a neighbourhood of the origin. 

c) LetO<W < N < K. Then 

\Bj(t,z) - Bj(0,z)\ <const IV$ \tf 
\Bj(t,z) -Bj(t,z') \ <consUV^ \z-z'f 

for all t in a (j -independent) neighbourhood of the origin. 

d) If, in addition, Vj(k,t,z) converges pointwise as j — > oo, the limit B(t,z) = lim B~(t,z) 
exists for t in a neighbourhood of the origin and obeys 

\B(t,z) -B(0,z)\ <consUV^ |t| N ' 
\B(t, z) - B(t,zf)\ <const IV$ \z - z'f 

Proof: The proofs of parts (a) and (b) are very similar to the proofs of parts (c) and (d) 
respectively. So we only give the latter. 

c) As in Lemma B.l, 

^■(fcoK-CM,*) 



Bj(t,z) = J dk J ds 



where 



o [iw(k, t, s)k - E(k, t, s) - E(k , k, t, s)] 2 

E'(k , k, t, s) = se'(fc , k) + (1 - s)e'(fc , k + t) 

E(k, t, s) = E'(0, k, t, s) = se(k) + (1 - s)e(k + t) 
w(k,t,s) = l-±gg(0,k,t,s) 

E{k , k, t, s) = E'{k , k, t, s) - E'(0, k, t, s) - k ^{0, k, t, s) 
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Set 



and 



B'j(t,z) = J dk J ds 



rij(ko)vj(k,t,z) 



I(k ,k,t,s) 



iw(k, t, s)ko — E(k, t, s)] 2 
1 1 



[iw(k,t,s)fc --E(k,t,s)-E(fc ,k,t,s)] 2 [iw(k,t,s)fc -£'(k,t,s)] 2 

[tw(k,t,s)k -E(k,t,s)] 2 -[iw(]i,t,s)k -E(li,t,s)-E(k ,k,t,s)] 2 
[iw(k,t,s)fco-E(k,t,s)] 2 [iw(k,t,s)fc --E(k,t,s)-£:(fco,k,t,s)] 2 

E(k ,k,t,s)[2iw(k,t,s)ko-2E(k,t,s)-E(k ,]i,t,s)] 
[iw(k,t,s)k -E(k,t,s)] 2 [iw(]i,t,s)k -ECk,t,s)-E(k t) ,k,t,s)] 2 



so that 



B j (t,z)-B' j (t,z) = j dk J ds n j (k )v j (k,t,z)I(k ,k,t,s) (B.13) 

By (B.7) and Lemma A.l, using £(fc ,k,t,s) = f^dn [gg(/c,k,t,s) - §g(0,k,t,s)], 
|£(/c ,k,t,s)| < constp|/c | 1+N |£(fc ,k,t,s) - £(/c ,k,0,s)| < const |fc | |t| N 

|ty(k, t, s) — w(\t, 0, s)| < const p |t| N 



|w(k, t , s) — 1 1 < p 
Consequently 



\E(k,t,s) - E(k,0,s)\ < const |t| 



\ko\* 



\I(k , k, t, S )| < const < const , lfco _ g(k>t , a)|a 

and, we claim, for < N' < K, 



(B.14) 



|/(fco, k, t, s) — I(ko, k, 0, s)\ < const \ko 



+ 



t„-i?(k,t, s )| 2 ] 



\ik -E(k,0,s)\ 2 1 |ifc 

We prove the last bound in the case l-E^k, t, s)\ < \E(k, 0, s)\. The other case is similar. Set 
c = iw(k, t, s)ko — E(k, t,s) C = iw(k, 0, s)ko — E(k, 0, s) 

d = iw(k, t, s)ko — E(k, t, s) — E(ko, k, t, s) D = iw(k, 0, s)ko — E(k, 0, s) — E(ko, k, 0, s) 
a = E(k ,k,t,s) A = E(k , k, 0, s) 

b=c+d B=C+D 

Then, for |fco|, |t| < const , 



|a|, \A\ < const 
\b\, \c\, \d\ < const 
\c\,\d\ > const 
\B\, \C\, \D\ < const 
|C|, \D\ > const 
| a — -A | < const 
\c-C\, \d-D\, \b-B\< const 

< const 



ko\ 1+H 

iko — E(k, t,s)\ < const \iko — E(k, 0, s) 
iko — E(k, t, s)\ 
ik - £(k,0, s)\ 
ik - £(k,0, s)\ 



l+N — K' i + iK' 



min{|/c | 1+N , M|t| N } < const \k 
k \\tf + const min{|£(k,0, s)\ + |£(k, t, s)|, |t|} 
t| N '|zA;o-^(k,0,s)| 1 - N ' 
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Applying these to 



AB _ ab _ (A — a)B a(B-b) ab c 2 d 2 -C 2 D 2 
T2 n2 „2 M r<2 n2 ~t~ n'l rt'2 T „2 j2 n2 r>2 



(A-a)B a(B-b) a b c 2 (d-D)(d+D) a b (c-C)(c+C) 

C 2 D 2 T "I" c 2 d 2 C 2 D 2 "T" C 2 d 2 C 2 



gives 



\I{k , k, t, s) - I(/c , k, 0, s)\ < const ^^g^ + const ^-Ig^^ — 



< const |fc |*~* |t |N 



|ifc --E;(k,o,s)| 2 ^ \ik 



+ 



t -S(k,t,s)| 2 ] 



which is the desired bound. 

Using these bounds gives, for < W < K < K, 

\Bj(t, z) - S5(t, z) - S,(0, z) + BJ(0, z) I 

< J dk J ds rij(ko) Vj(k,t, z)I(ko,\s.,t, s) — Vj(k,0, z)I(ko,\s.,0, s 

< rnn^fdk f^-n (h \\ \^{k,t,z)-v,(k,0,z)\\k ^ \ Vj (k,0,z) 1 1 fc |*-*' \t\* ' \ Vj (k,0,z)\ \k 1 |t| »' 

^ con&t i a/c i asn 3 yKQ) |jfe -s(k,t,s)| 2 ~+~ |zfc -£;(k,o, s )| 2 ~+~ |*fc -£(k,t, s )| 2 



< const 

< const I 



const /-const 



dko 



const 



dE 



const 



|fcoT_supfe \vj{k,t,z)-v 3 {k,0,z)\ |fc | |tr sup fc |^(fc,0,z)| 



sup t, z) — Vj(k, 0,2;) | + |t| N sup |i>j(/c, 0, 2) 
k ' k 

N' 



< const lV^\t 



and 



|fi,-(t, z) - B<(t, z) - fl^t, z') + Sj(t, z')| 

< J dk J ds rij(ko) Vj(k, t, z)I(k , k, t, s) — u t, z')I(ko, k, t, s) 



< const 



J„ „ /iL \ kj(fc,t,z)— u.,-(fc,t,z')||fco| K 

as n^/coj | l fc -s(k,t, s )| 2 



< const / d9 



const 

dh 

-const J — const 



/const 
j P [fcol sup fc K-(fc,t,z)— »j(fc,t,Z )| 
hfco-^l 2 
-const 



< const [ sup \vj(k, t, z) — Vj(k, t, z')| 

fc 

< const IVz \z-z'f 

Hence it suffices to consider B'Jt,z). 

Making, as in Lemma B.l, for each fixed s, the change of variables from k to 
E = E(\t, t, s) and an "angular" variable 9 



B'Jt,z) = ds d6 dk dE nj{k ) 



■((koME,t,e,8)),t,z)J(E,t,e, 8 ) 

[iw(k(E,t,6,s),t,s)k - E] 2 
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Set 



(M) = J Q dsJdeJ dkodE nj (k ) Mk(0>t>g>8)>t>8)fco _ jE]2 



j 

Using 

q u si? + a a \ _ 9k 2 e(k)(5£,i-a kl e(k) ( 5 < ;, 2 

^K^£/,t,t7,sj - a ki£ ; (k)tiS ) 9k2e(k) _ £ , k2i 7; (k)t)S) a ki e(k) 

one proves, by induction on n, that, for n < r, 

|<9£k(£,t,0,s)| < const" 

Using this bound and the observation that the Jacobian 



k=k(E,t,6,s) 



(B.15) 



J(E,t,0, s) |a ki B(k 1 t,a)0 k2 fl(k)-S k2 S(k,t,«)ft cl fl(k)| 

one proves that, for n < r — 1, 

|0£J(£,t,0, S)| < const" 



k=k(£,t,(9,s) 



(B.16) 



Since 



\w 



(k,t, s )-^t, s )|< s |fi(o,k)-fi(o,kO| + (i- s )||^(o,k + t)-fi(o,k' + t)| 



< const |k - k'| K 

(B.15), (B.16) and the fact, from Lemma A.l.i, that |iu(k, t, s) — 1| < p < \ imply that 

^■((fco,k(g,t,e,s)),t,z)j(£,t,g,s) _ uj((fc ,k(o,t,e,s)),t,2) j(o,t,e,s) ' 



(B.17) 



[iw(k(E,t,9,s),t,s)k () -E] 2 \vw (k(0,t, 9, s),t,s)k -E] 2 

< const |fj ((&o, k(-E', t, 0, s)),t,z)-u J -((fco,k(0,t,^, s)),t, z)| fc ^ g2 

+ const sup t, z) | pJ|L + cons t sup | Vj -(fc, t, z) | O^J+WgJ^ 



fc,t 



< const 



k> 3 ((/co,k'),t,z)-w J ((feo,k),t,z) , . . 

sup J — — ™ + sup ^(fc, t, z) 

k,k' ! R K 1 fc,t 



^<consty^ 



for all small For E bounded away from zero 

Vj((k () ME,t,9,s)),t,z)J(E,t,9,s) v j ((k ,\t(0,t,9,s)),t,z)J(0,t,9,s) 



SO 



[iw(k(E,t,9,s),t,s)k -E]< 



t>j((fc ,k(g,t,e,s)),t,z) J(E,t,9,s) 
[iw(\i(E,t,9,s),t,s)k i) -E] 2 



[iwCk(0,t,9,s),t,s)k -E] i 



Vj((ko,lc(0,t,0,s)),t,z)J(0,t,9,s) 
[iw (k(0,t, 9, s),t,s)fc -E] 2 



< const sup |fj(fc, t, z)| pj^2 
fc,t 



< const ^ min 4^ 2 ' 1} (B.18) 
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Since 

\w(k, t, s) - w(k, 0, a) | = |1 - s\ 1 1^(0, k + t) - f^(0, k) | < const |t| N 
(B.17), (B.4) and (B.5) imply that 

v j ((koME,t,9,s)),t,z)J(E,t,9,s) _ v j ((k ,]i(E,0,d,s)),0,z)J(E,0,e, S ) 



[iw(k(E,t,e,s),t,s)k -E]' 2 [iw(k(E,O,0,s),O,s)k o -E] 2 

< const \vj((k , k(E, t, 0, s)), t, z) - Vj((k , k(E, 0, 0, s)), 0, z)\-^-^ 

+ const |t| sup \vj(k, 0, z) \ k $l E2 + const |t| N sup \vj(k, 0, z)| ^"fci^tjf l] 



< const 



sup \vj((k ,k'),t,z) - Vj((k ,k),0, z) \ + |t| N sup \vj(k,0, 
k,k' k 

k-k'|<const |t| 



< const V^|t| N ^^ 



_ 'kJ+E 2 



(B.19) 



and that 



» j ((t ,k(0,t,g,s)),t,z)J(0,t g,s) _ ^((fco,k(0,0,e,s)),0,z)J(0,0,e,s) 
[iw(k(0,t,e,s),t,s)A;Q-_E] 2 [iw(k(0,0,e,s),0,s)fc -_E] 2 



< const |fj((/co, k(0,t, 9, s)),t,z) - Vj((k o ,k(0,O,9, s)),0, £)|pq: 



+E 2 



+ const |t| sup 0, *)| + const |t| N sup \vj(k, 0, s) | |fc [j.H* ^ + g|] 

< const V^tfj^^ 

(B.20) 

Combining, (B.18), a second copy of (B.18) with t = 0, (B.19) and (B.20), gives, for all 
< W < N < N, 

Vj({k ,\i{E,t' ,6,s)),t' ,z)J(E,t' e,s) \t'=t _ ^-((fc ,k(0,t / ,e,s)),t , , 2 )J(0,t / B,s) |t'=t 
[iw(k(E,t',9,s),t',s)k -E]' 2 lt'=0 [iwCk(0,t',e,s),t',s)k -E]' 2 lt'=0 



and 



< const V,\tf ^ E :» 



|Sj(t, z) - B'j(t, z) - Bj(0, z) + B?(0, z) | 



< const V s |t| N 



' / do r st dk [ dE ^ E :'> i} 

J I J -const J 



< const I |t 



Similarly, combining, (B.18), a second copy of (B.18) with z — > z' and 



^■((fc, l ,k(£; , ,t,e,s)),t,2)j(£' , ,t,e,s) ^((fc ,k(^t,e,s)),t,.z')j(g',t,e,s) 



[iw(k(E',t,6i,s),t,s)A;o-£;] :; 



< const V^z - ^| N ^^2 



[iw(k(E',t,6i,s),t,s)A;o-E] 2 

gives, for all < W < N < N, 

^((fc ,k(E,t,g, s )),t,g)J(g,t,g,s) \z=z ^((fc ,k(0,t,6>,s)),t,g)J(0,t,6>, s ) |z=z 



[ lW (k(E,t,6i,s),t,s)A:o--B] 2 1 5= 2 ' 



[ lU ;(k(0,t,6i, S ),t,s)fco-E] 2 1 2=a' 



< con St y»|»-«r -«i!k •'> 
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and 

\B' j (t,z)-B';(t,z)-B' j (t,z') + B'J(t,z')\ 



p /-const , , 

< const V^\z - z'f / d6 / dk / dE min{ ^fj g2 ' 1} 

•// i-const ' 

< const IVz \z-zf 



Fix s, t and 6 and write «; for iu(k(0, t, 6*, s), t, s). Then, for all ko ^ 0, 

/oo />oo 
dE [iwkt-EY = dE dE l^k\- 

-oo J — oo 



oo 

= 



Thus B"(t,z) = 0. 

d) By part (a), it suffices to prove that Bj(t,z) converges as j — > oo. By (B.14), 
supj t, z)I(ko 7 k, t, s) | is locally L 1 in and s. Hence, by the Lebesgue dominated con- 

vergence theorem applied to the integral in (B.13), Bj(t, z) —B'At, z) converges as j — > oo. So 
it suffices to prove that Bj(t,z) converges. By (B.18), the Lebesgue dominated convergence 
theorem also implies that Bj(t, z) — B'J(t, z) converges as j — > oo. We have already observed 
that B'j(t,z) = 0. 



The function A(to, z) of Lemma B.3.b was constructed in such a way that the cutoff 
in the ko direction was removed first (it does not even appear in the definition of Aj(to, z)) 
and the cutoff in the e(k) direction was removed second (in the limit j — > oo). On the other 
hand, for the function £?(t, z) of Lemma B.3.d, the cutoff in the e(k) direction was removed 
before the cutoff in the k direction. The following Lemma illustrates, in a simplified setting, 
that the order of removal of the two cutoffs matters when t = 0. 

Lemma B.4 Let, for < a, b < 1 and w > 0, 

B { R = [ dk [ dE 



a,b / ""-O / [iwko-E] 2 

Ja<\k \<l Jb<\E\<l 1 J 

Then B^\ is bounded uniformly onw>e>0,0<a,b<l and 

lim lim B^ 1 ) = — — tan -1 w lim lim B^\ = — — Ttan -1 w — 5-1 
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Proof: 



B (1 l 

a,b 



dko 



+ 



iwko — E\b vwko — E\—l 
b 

/b 



a<\k \<l 
= -4 / dk 

J a 

rw pw/o 

= -- / dx + - / dy 

Jwa Jwa/b 



l+w 2 kf } b 2 +w 2 k 2 



- 2 L<\k \<l dk 

w Jwa ax T+x 1 ^ w Jwa ax 



l+w 2 k 2 b 2 +w 2 k 2 



b 

b 2 +x 2 



tan 1 w - tan 1 wa - tan 1 ^ + tan 1 ^ 
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Appendix C: Sector Counting with Specified 
Transfer Momentum 



As pointed out in the introduction to §IV, we are interested in translates F + 1 = 
{k + t|kGF}of the Fermi surface F, and in particular in the distances from points of 
F + t to F. 

Lemma C.l There are constants 5, const > that depend only on the Fermi curve F such 
that the following holds: Let p G F , |t| < 8 such that p — t e F . Denote by U the disc of 
radius 5 around p. Then for any k e F fl U . I / 

|k - p| < ^dist (k, F + t) V 

F\ \F+t 

Proof: If dist(k, F + t) > ||t| or if k = p there is nothing to prove. So assume that 
dist(k,F + t) < ||t|. If 6 was chosen small enough, the angle between the chords — t = 
(p — t) — p and k — p of F is sufficiently small. In particular, (k — p) • t ^ 0. 
Case 1: (k - p) • t > 

We may assume without loss of generality that p = (0,0), that t = (0, £2) with t<i > and 
that the tangent direction of F at p is (a, 1) with some a > 0. As F is strictly convex, and 
both p = (0, 0) and t = (0, t 2 ) are on F, F' = { k' e F n U | (k' - p) • t > } is contained 
in the first quadrant, if 6 was chosen small enough. By the implicit function theorem, F' 
can be parametrized in the form F' = { (x, y(x)) | < x < const } with an r e + 3 times 
differentiable function satisfying y'(0) = — , y" < 0. 




Since the curvature of F is bounded above and below, there are constants const\ , cons£ 2 > 
such that 

constx|t| < tt <J const2|t| 

If 5 was chosen small enough, y' > 1. Let ci resp. C2 be the maximal resp. minimal curvature 
of F, and let C\ resp. Ci be the circles of curvature c\ resp. C2 that are tangent to F at p 
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and curved in the same direction as F at p. Then F' lies between C\ and C 2 , and the slope 
of F' at a point (x, lies between the slopes of C\ resp. C 2 at the points with the same 

cc-coordinate in the first quadrant. 

C 2 
■F 




If C is a circle of a radius r > that is tangent to F at p and curved in the same direction 
as F at p then the slope of C at any of its points (x, y) in the first quadrant is equal to 



VT+c 



— x 



y + 



Therefore, for any point (x, y(x)) of F' 



1 



y'(x) < 



C2 Vl+ce 2 



X 



< 



consts 



+ c 2 Vl+a^ y(x) + const 4 \t\ 



Let F" be the union of t + F' and the segment joining p = (0, 0) to t. 

■F' + t 




p=(0,0) 



Then 



dist(k, F + t) > dist(k, F") > min {k u dist(k, F' + t)} 
As fci > ak 2 > const\t\ |k|, we get that 



^dist(k,F + t) > min {|k-p|,^dist(k, F' + t)} 



(C.l) 



If &2 < |t| then the distance from k to F' + 1 is larger than the distance from k to 
the ray through t in the direction (1, 1), since y' > 1. 
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F' + t 




Consequently 



dist(k,F' + t) > -^h > const\t\ K — D 



Together with (C.l) this gives the claim of the Lemma in the situation that k 2 < |t| . 

Now assume that k 2 > |t|. Let k' = (k[, k 2 — |t|) be the point of F' with y-coordinate 
k! 2 = k 2 — |t| that lies to the left of k, i.e. k[ < k\. 

■F' + t 
"k + 1 

k' + t 




By the convexity of F, the distance of k to t + F is bounded below by the distance of k to 
the line segment joining k' + t and k + t. Thus 



dist(k, F' + t) > ^= min{|t|, h - k[} 



Since F' is strictly convex 



kl — k[ > > const^ l \t\(y(k' 1 ) + consist)) = const*, |t | (/c^ + consist)) 

If k 2 < 2|t| then |t| > const |k| = const |k — p| and 

kl — k[ > const|t| 2 > consi|t| |k — p| 



and if k 2 > 2|t| 



/Cl — /c^ ^ const |t| ^ const |t| /?2 ^ const |t| |k| — const |t| |k — p| 



Therefore 



|Y|dist(k, i 7 " + t) > const min{l, |k — p|} > const\k — p| 
Again, (C.l) implies the claim of the Lemma in the situation that k 2 > |t| 
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Case 2: (k - p) • t < 

Let k' G F + t such that dist(k, F + t) = |k - k'|. Then 



dist(k', (F + t) - t) < |k' - k| = dist(k, F + t) 

and 

|k - p| < |k - k'| + |k' - p| < dist(k, F + 1) + |k' - p| (C.2) 

Observe that the point p of F + t has the property that p — (— t) lies also in F + t. Also, 
if 8 was chosen small enough, the angle between the tangents to F at p and to F + t at p 
(which is parallel to the tangent to F at p — t) is very small and (k' — p) • (— t) > 0. 




Thus we can apply the results of Case 1, with F replaced by F + 1, t replaced by — t and k 
replaced by k' and get 

|k' - p| < ^dist(k', (F + t) — t) < ^dist(k, F + t) 

This, together with (C.2), proves the Lemma in Case 2. ■ 



Lemma C.2 There are constants Sp, const that depend only on F and M such that the 
following holds: 

Let t G H 2 , e > and D the disc centered at r with radius e. Let m > 1 be a scale with 
> \t- Define 

N = #{ (si, s 2 ) e E m x E m | (si - s 2 ) n D £ } 
where D C IR 2 is viewed as { (0, t) | t G D } C TR x R 2 . 

a) If |t| > 8 F , then N < . 

b) If \t\ < Sf, then 



Proof: We first observe that, given any fixed s\ G E m , (s-y — s 2 ) H -D 7^ only if 
S2 H (si — -D) 7^ . As si — D is contained in a ball of radius at most 31 m , there are at most 
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five sectors s 2 G S m that intersect it. Hence 

N < const #{ si G E m | 3s 2 G E m such that s 2 n (si - D) 7^ } 

< const si £ E m J 3k G si fl F such that dist(k — r, F) < const ! ( + e) } 

Define 

I = { k G F I dist(k — t,F) < const! + e) } 

Then 

iV < const #{sGE m |sn/^0} (C.3) 

Clearly I C F, where 

F = { k G F | dist(k, F + r) < const [ m } 

and hence 

AT < const #{sGS m |snF^0}< £2^1 length(F) + const (C.4) 
We choose 5p to be smaller than the constant 5 of Lemma C.l. 
a) If |t| > 5f, we use (C.4) and that 




b) Assume that |r| < 5p. Since F is strictly convex, F fl (F + r) consists of two points, say 
Pi,P2- Let U\ and U 2 be the discs of radius Sp around pi and P2, respectively. If Sp is 
small enough, U\ and U 2 are disjoint. By Lemma C.l, for i = 1, 2, Ui D / is contained in 
an interval of length c< j^^ (]gW + e )- Also by Lemma C.l, for i = 1,2, the distance between 
F + t and any endpoint of F fl U is bigger than const 6f\t\. If p^j- (j^r + e) > 2const ^he 
desired bound follows immediately from (C.3) and the fact that < const . So we may 

assume that, for i = 1, 2 the distance between F + r and any endpoint of F fl L/j is bigger 
than 2const 1 (jjj^r + e) . 

We now show that I C U\ U U 2 . For this purpose, let k G F Then there is v G IR 2 with 
|v| < const! (j^r + e) such that k G F + r + v. Now for i = 1, 2 there is point kj G F fl C/j 
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such that kj — v G F + r. (At the two endpoints k' of Ffl t/j, the points k' — v lie on opposite 
sides of F + r.) Since F fl (F + r + v) consists of only two points, k = k x or k = k 2 ; in 
particular k G (7i U £/2- 

Therefore 7 is contained in two intervals of length (j^r + e) and, by (C.3), 

N < ^mf^ + e) + const 



Recall that n : fe = (k , k) i— > k is the projection of M = IR x IR 2 onto its second factor. 

Lemma C.3 Let 1 < i < m < r and k' G &£, k±, k 2 £ & r ■ Then the number of 4-tuples 
(mi, U2, si, s 2 ) G Ef x x E m x S m fulfilling 

t(si - S2) fl 7t(ki - « 2 ) 7^ 

(C.5) 

7r(iti — it 2 ) fl 7t(k/ — Si) 7^ 
is bounded by p~7^ constant const independent of ki, k 2 , £, m and r. 

Proof: Observe that for each fixed si G E m there are at most const sectors s 2 G E m 
fulfilling 7r(si — s 2 ) fl 7t(ki — ac 2 ) 7^ . Recall that for any sector s, k s denotes the center of 
F fl s. When G M, set k re / = k' . We bound each of the three terms in 

#{(«!, w 2 ,si,s 2 ) I (C.5) holds} 

< m 2 , si, s 2 )|(C5) holds, |k K / -k Sl | < const ^} 

+ U2, si, s 2 ) I (C.5) holds, const ^ < |k K / -k Sl | < 5 F } 

+ #{(ui, it 2 , si, s 2 )|(C5) holds, 5 F < |k K , - k Sl |} 

separately. For the first term observe that there are at most const \j L - + ll sectors si with 

L J 

|k Sl — k K > I < const li , and that for any given si, there are at most c °" st pairs (iti, it 2 ) such 
that tt{u\ — U2) H 7t(k/ — si) 7^ . Hence 



w-2, si, s 2 )|(C.5) holds, |k K / — k Sl | < const li} < const [j*- + l] y- < 



const 



const 



We next bound the third term. There are at most co t pairs (si,s 2 ) obeying 
tt(si — s 2 ) fl 7t(ki — k 2 ) 7^ and |k K / — k Sl \ > 6p • For each such a pair (si, s 2 ), it(k' — si) 
is contained in a disc of radius 21^, centered a distance at least 5f from the origin, so, by 
Lemma C.2a, with m replaced by £, there are at most pairs (it 1,1*2) such that (C.5) 

holds. Hence 

#{(«!, M 2 ,Si,S 2 ) | (C.5) holds, 5 F < |k K , -k Sl |} < 
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Finally, for the second term, we observe that, for each fixed (si,s 2 ) satisfying 
const < \k K i — k Sl | < 5p there are, by Lemma C.2b with e = 2lg and m replaced by 

£, at most ^| k c T-k s | [ + l 4 + const - | k C °-k a | P airs ( u i» u 2) such that (C.5) holds. Fur- 
thermore, we may order the allowed si's so that the /x th obeys |k Sl — k. K > 1 > const (ig + 7xl m ). 
Hence 

const /t m 

#{(ui,u 2 ,si,s 2 ) | (C5) holds, const k < \K> ~KA < M < Yl ' " ' 



const /[ m ^ const 

< const i < const i n . < Const In f 1 -|- COns t \ 

u=l r "tm 



const I) const 



const £ 



Lemma C.4 Let 1 < I < m and k' G ^ . Let -D 6e t/ie (fee o/ radius e centered at t, with 
t G IR 2 and < e < 2( m . Let A?" 6e t/ie number of ' A-tuples (ui, U2, si, S2) G S^xE^x E m x E m 
fulfilling 

7r(iti — 7/2) H 7r(«' — si) 7^ 

^ // \t\ > d F , then N < f^S=. 



(C.6) 



-tf l r l < &f, then 



N < 22^L 



min (a,,i±|^) + ^(^ + e) + [ r . 



Proof: a) By Lemma C.2.a, #{(si,s 2 ) G E^|jr(si - s 2 ) n D ^ 0} < ^^2* . For each 
fixed (si, S2) there are at most co ^ st pairs (txi, 7/2) such that (C.6) holds. The desired bound 
follows. 



b) As in the proof of Lemma C.3, we bound each of the three terms in 

#{(«!, 7/2, s lt s 2 ) I (C.6) holds} 

< #{(Tti, 7x2, si, s 2 )|(C6) holds, |k K / - k Sl | < const k} 
+ #{(txi,7x 2 , si, s 2 )|(C6) holds, const ^ < |k K / - k Sl | < o>} 
+ #{(txi,tx 2 , si, s 2 )|(C6) holds, of < |k K > - k Sl |} 

separately. 
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By Lemma C.2.b 



s 2 ) e E^|tt( Si -s 2 )nD^}< const [l + ^g^ ] (C.7) 

As well, for each fixed s\ there are at most const s 2 G S m such that 7r(si - S2) n D ^ f). 
Hence 

#{(si,s 2 )GE^|ir(s 1 -S2)nD^0, |k Sl - k*/| < const fc} < const min{l+ jfeggfa , j^} 
Also, for each fixed (si, S2) there are at most co ^ st pairs (iti, w 2 ) such that (C.6) holds. Hence 
#{(«i,U2,si,s 2 )|(C6) holds, |k^-k Sl |<constia<^min{[ m + i±^f, [,} 

This gives the desired bound for the first term. 

We next bound the third term. For each fixed (si, s 2 ) with |k K / — k Sl | > 5p , there 
are, by Lemma C.2a, at most c ^- t pairs (1*1,3x2) such that (C.6) holds. Hence 

#{(«i, « 2 ,ai,a 2 ) I (C.6) holds, 5 F < |k„, - k a J} < ^ff [l + ^g^] 

< Sf[UvAi+^ + £)] 

which is smaller than the desired bound. 

Finally, for the second term, we observe that, for each fixed (si,s 2 ) satisfying 
const li < |k K / — k Sl I < <5ir there are, by Lemma C.2b, with e = 2ig and m replaced by 
£, at most p^z^ j + k] < ^Tzfej < ^f 1 pairs ( Ul ,u 2 ) such that (C.6) holds. 
Hence, by (C.7) and the last argument of Lemma C.3, 

it 2 , si, s 2 )|(C6) holds, const ^ < |k K , - k Sl | < 5 F } 

const /l m 

<T min / \ const const f-i , 1 + M m e 1 \ 

r const /[ m .. 
const •„ I r 1 r , 1+M m e I 

r l 7Tt 



<^min{^, U + ^?f} 
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Notation 

Configuration Spaces 



Symbol 


Interpretation 


Reference 


M 


momentum 


after Definition 1.3 


2) 


momentum or position 


before Definition III.l 


2Je 


momentum or (position, sector) 


after Definition 1.3 


2)o,e 


momentum 


(1.2) 


2Jl,E 


(position, sector) 


(1.2) 


2J 2 ,E 


(momentum, sector) 


Definition 1.5 


t 

2)1 


(momentum, spin) or (position, spin, sector) 


after Definition 1.3 


£e 


(momentum, spin, creation/ annihilation index) 


Ci t — \ r* • i • to 

alter Dennition 1.3 




or i Tin^i t inn tJTnn rvpatinn /anni nilation lTinPY tiprtnv 1 


aftpr l~)pfinitinn T ^ 


#t 


( nosition snin ) 


aftpr Dpfinition T 3 


#t 


(momentum, spin) 


after Definition 1.3 


B 


(position, spin, creation/annihilation index) 


after Definition 1.3 


B 


(momentum, spin, creation/annihilation index) 


after Definition 1.3 


m(4) 


2Je x 2j|./ 


(1.2) 


2J Ar 


2Jj]^,E r 


Convention 11.13 




momentum or sector 


Definition III. 7 



Norms 



Norm 


Characteristics 


Reference 


III ' III l,oo 


no derivatives, external positions only 


Definition 1. 11 




no derivatives, external positions and momenta 


Definition III.l 


|| bubble 


operator norm for bubble propagators 


Definition III.l 


1 • I 5 
1 ll,E 


two-legged kernel, 5 derivatives, sectors 


Definition 1.12 


1 \{S\,8 C ,5 T ) 
1 ' Ie,E' 


four-legged kernel, (5i,5 c ,5 r ) derivatives, sectors 


Definition 1.14 


1 • ll,E 


two-legged kernel, all derivatives, sectors 


Definition 1.15 


1 • Ie 


four-legged kernel, all derivatives, sectors 


Definition 1.15 


II 1 1 (<5i ,<5 C ,<5 r ) 

II ' \\e,r 


(5\,5 c ,5 r ) scaled derivatives, sectors E^, E r 


Definition 11.14 


I |[<5i,<5 c A] 
1 ' \i,r 


< (5\, 5 C , 5 r ) scaled derivatives, sectors S^,E r 


Def'ns 11.14,11.16 


1 . |W 


S\ + 5 C + 5 r < 5 scaled derivatives, sectors Ej 


Def'ns 11.14,11.16 


' \t,r 


no derivatives, sectors Eg, E r 


Definition III. 6 


Ul,«2 


no derivatives, specified right hand momenta/sectors 


Definition III. 7 
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Propagators and Ladders 



Symbol 


Interpretation 


Reference 


r U) 

r i>3) 

C(A,B) 
C(j) 


Cv \k) = ifco _ e(k ( ) _ ) „ (fc) , single scale propagator 

Ci- 3 \k) = ifco _ e(k) ( _i (fc) , multi scale propagator 
A <g> A 1 + A <g> B l + B <S> A\ bubble propagator 
E C v ® Cv , single scale bubble propagator 


before Definition 1.17 

before Definition 1.17 

Definition 1.8 

before Convention II. 1 


'-'top 


min(i;L A t 2)=3 

^2i<£<j C 1 mu lti scale bubble propagator 


before Convention II. 1 
Definition 11.18 


s>[i,j] 
mid 


sr^ ... ^ . n^t) 

i<i b <j 


Definition 11.18 


u bot 


E u>i ci h) ®d ih)t 

i<i b <j 


Definition 11.18 


T>(*) 

v (e) 
M 


1 y^oo r (m) t 

model particle-hole bubble propagator 

compound particle-hole ladder 

single scale compound particle-hole ladder 


Theorem 11.20 
Theorem 11.20 
(111.22) 

Definition 1.19 
Definition II. 2 



Scales and Sectors 



Symbol 


Interpretation 


Reference 


M 


scale parameter, M > 1, large enough 


Lemma 1.1 




used in constructing scale functions 


Definition 1.2 


i/O'), j > 1 


partition of unity that implements scales 


Definition 1.2 


U (>J) 


basically E;>j ^ W 


Definition 1.2 


^(w)^(p, k) 


factorized cutoff for model bubble propagator 


before (111.22) 




| < K < |, parameter controlling sector length 


before Definition 1.17 


h 


lj = j-psj , sector length for scale j 


before Definition 1.17 


x.s, seE 


partition of unity that implements sectorization 


before Definition 1.17 


E i 


set of sectors of scale j 


before Definition 1.17 




resectorization 


Definition 1.17 



128 



Miscellaneous 



Symbol 


Interpretation 


Reference 


const 


generic constant, independent of scale 




const 


^tilltillC COIlolcLIll, lllUt^ptillUfcilll (Jl bCdlfci dllCL IVL 




Tp 
r 


rermi curve = | K t M el^kj = u j 


• 

before Definition 1.2 


ro, r e 


fo,T e > 6, number of derivatives controlled 


Deiore uennmon i.z 


U p 


nrmprtiriTi on t np rPTim tmrfapp 

VJL \J J ulvjll Oil U11C 1- CI 1111 QUllCLUC 


Dpfinitinn T ^ 


7T 


7rf fcn k ) = k 


Remark III. 13 


<k,x >- 


— knXn + kiXi + koXo 


Definition 1.4 




bi =bd = 6i = bo = 1 


Definition 1.4 


Kf 


flipped vertex 


(1.5) 


3 




(1.4) 


A 


1 5 G INn x INn \ do < rn 6-\ + 5 9 < r P \ 


(II 1) 


A 

LA 


f X — (X, A A } c v W 2N \ 3 A, J- A J- A c A 1 




# 


convolution wren seccoi sums 


uenimioii i.o 


o 


pnTiirnliilinTi Tsnl nnnt cpr'Tivr giittiq 

Cvjll V Ui 11 ulvjll WllllUUl o~C0Ul o Lllllo 


Kpfnrp ('TTT 91 


fr /*<? 


charge and spin components 


Lemma II. 8 


Wr 


Wr(v, k) = W(p, k)R(p — /c), transfer momentum cutoff 


Definition III. 3 


n{d) 


set of functions R(t) that are identically one on d 


Definition III. 10 


z, z l 


zero component localization operator and transpose 


(111.18) 




{ZoW oZ% v , k) =S(k ) J du W((w,0) +p, (w,k)) 




w 


W(p, k) = 6(ko) j du W((u, p), (oj, k)) 


(111.20) 


3 


boundary between large and small transfer momentum 


before Prop'n III. 16 
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